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Study of a Piston Pump without Valves*
(2nd Report, Pumping Effect and Resonance in a Pipe-

capacity-system with a T-junction)

By Shoji TAKAGI**, Keiju TAKAHASHI***

This paper is concerned with a piston pump without valves which consists
of a piping system with a T-junction, two capacities connected with both ends
of the main pipe, and a piston installed in the lateral pipe. Pumping effect
is examined theoretically and experimentally. The study is confined to the case
that the time average flow in the main pipe is zero. The effect of resonance
phenomena on the pump characteristics was clarified. The effect of system
parameters on the pump characteristics was also clarified. The analytical
results obtained from a mathematical model proposed in this paper were found
to be good agreement with the experimental data.
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pump characteristics theoretically and

1. Introduction experimentally. The discussion is also
confined to the case that the time average
Several papers were reported on piston 0of flow in pipes is zero.
pumps without valves which were related to
the phenomena in blood circulation sys- 2. Mathematical model
tem”~®! In a previous paper®, one of the
authors discussed the mechanism of the 2.1 Steady state flow characteristics
pumping effect of a piston pump without at tee
valves which. cohsists of rigid pipes with Figure 1 shows the dimensions of a tee
a T-junction, two tanks with a large cross with a circular cross sectional area used
sectional area installed at both ends of in the experiment, which was made of
the main pipe of the tee, and an oscilla- transparent acrylic resin by machining.
ting flow source at the end of the latral We represent the flow characteristics at
pipe. It was revealed that the pumping the tee in the same form as in the
effect in this type of system is such that
pressure energy corresponding to the differ-
rence between the averages of kinetic energy 80 mm
in both sides of the main pipe and to the !
energy loss at the tee and at the end of the " i l
main pipe is stored in one of the tanks. The

ed to the case when restoring force terms
can be neglected, that is, resonance does
not occur.

H.J.Bredow made experiments using
flexible pipes and revealed that the
subtraction of water levels in two tanks I l
changes its sign periodically with an A
increase of the frequency of the oscillating I

T
discussion in the previous paper was confin- 920
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flow source?” This phenomenon is considered

to be related to the resonance of an infi-
nite degree of freedom system. However, its
details and mechanism have not been made - Fig. 1 Dimensions of the tee used
clear yet.

In this paper, we modify a pump studied
in the previous paper to such a form that
resonance occurs in low frequency range,
and discuss the effect of the resonance on
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previous paper(®), For the four flow pat-
terns shown in Fig.2, the pressure differ-
ence (P,-P,) is i

P|—'P:=(p/2Az)(Q§— iF 5 Q% sgn @)

............ (1)

where Q;(i=1,2,3) : the volume flow in the
ith branch in Fig.2, whose positive direc-
tion is a direction denoted by the arrow
in pattern 3 in Fig.2, Q.=max{|Q,[,|0Q,],
|Q3T}, p: density of fluid, A: cross sec—
tional area of pipe, d: diameter of pipe,
sgn:sign function, and the upper sign of
the double sign corresponds to the case of
|01|>‘02| and the lower one to IOlf<lQZI-
The loss coefficient €12 is shown in Fig.3
against the flow ratio IOj/le(lOk]>[Oj|,
jek=1,2,3=k). The lines in Fig.3 were
calculated from the experimental date for
Reynolds number R =(1%2)x105 by Ito and

Imai(7),

2.2 Fundamental equations

A schematic diagram of the system
under study is shown in Fig.4. Two capac-
ities are connected with both ends of the
rigid main pipe of the tee and the oscil-
lating flow is delivered to the lateral
pipe by the piston. The capacities have
closed air chambers. The restoring effect
of the closed air contributes to the reso-
nance phenomenon in the system. In Fig.4
S is the piston amplitude, ® the angular
~ frequency, t the time, Q; the volume flow
in the ith branch where i=1,2, P;, P.; and
P.; the absolute pressures at the position
indicated in Fig.4, P,; the absolute pres-
sure in the air chamber, V; the volume of
the air chamber, S5} the cross sectinal
area of the capacity, Y; the liquid level
and 1; the pipe length where I,21,.

In this section we modify the mathe-
matical madel proposed in the previous
paper to such a form that the system has
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Fig. 3 Coefficients of head loss at tees
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Fig. 4 Schematic diagram of the system
under study

i

restoring terms and resonates under the
following assumption:

(1) The liquid is incompressible.

(2) The law of pipe friction and flow
characteristics at the tee for the
steady state are applicable to the
unsteady state.

(3) S; is larger than 4 enough to be able
to neglect the inertia of the liquid
in the capacities.

(4) Adiabatic change occurs in the air
chambers,

(5) The displacement of the piston is so
small that the volume change of the

air chamber is much less than the volume
of the air chamber.
" The continuity equation and the
momentum equation are
Q;+Qz=SApa}COS(ut ........................ (2)
miQut+ 4 l/d)rsenQ=Pi— Peli=1,2)
............ (3)
where mi=pli/A, Ap is the cross sectional
area of the piston, T; the wall shearing
stress, and a dot denotes differetiation
with respect to t. The wall shearing stress
is
z‘:=(p/8A')/l.-Q¥ ................................. (4)
where A; is the friction factor and is
given as follow:
For laminar flow

/h=54/(lQ:|d/AD) .............................. (5)
For turbulent flow
Ai=0.316 4/ (1QId/ Ay )*3* eervvrrirannneees (6)
The relations at the capacities are
YD 4 PO OSSR (7)
Pu=Poi+pgY; seeereerseniirrnenininnnanan.. (8)
Poi VES Pogi Vil cevverevisninsnnineneeieeinenns (9)
(Yi= Yor)Si= Voy= Vi wrermirverceneenennnnn. (10)

where g is the acceleration of gravity,
K the specific heat ratio of air, Yo
P,oi and V,; are the liquid level, the abso-
lute pressure and the air volume in the ith
capacity for initial setting state, respect-
ively. The initial setting state is the
one in which the piston rests at the neut-
ral position and the fluids are in equilib-
rium state.

At the tank ends of the main pipe
the following equation holds.

P _{Pu' (Q.‘ao)
TP (o 241+ £3QF (Qc<0)

where Cy is the loss coefficient for the
flow from the tanks to the pipes. An equa-
tion for the flow characteristics at the
tee is Eq.(1).

Small deviations v; and p,; about the
initial setting values V_; and P are
introduced, that is

aoi

V0= Vi— Vot, Pai = Pag—~ Pag; srerveereren (12)
"From the assumption (5), we obtain vi<Voy
and p_ &P, ;.
Therefore Eq.(9) leads to

Dai =~ (xPagif Vs Yui wserreersvuraviennrenennnns (13)

Equations (1)(8),(10)(13) are the
fundamental equations of the system.

2.3 Zero discharge characteristics

The fundamental equations derived in
the section 2.2 have complex nonlinear teams,
and so it may be impossible to solve the
fundamental equations in general. The flow
pattern at the tee in operation can not be
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estimated either, because the phase of the
fluid motion in the main pipe should depend
on the frequency. Therefore in this section
the zero discharge characteristics are
discussed on the assumption that the energy
loss at the tee can be neglected and the
volume flows vary sinusoidally with the
time. The volume flows Q; and Q, can be
expressed as

Qi=Qusin(@t+38:) (i=1,2) rewerreeees (14)
where Q;, and ¢; are contants. Substi-
tuting Eq.(14) into Egs.(1),(3),(11) and
averraging both sides of these equations
with respect to the time, we obtain

AH =(0/ 8A* )1~ £ X Q3o— Qg )rrrevrserene (15)

where AH(= ﬁtl-ﬁtz) is the_head for the

zero discharge condition, P.; is the time
average value of P.;. After examining Eq.
(15), we reach the following conclusions:

(1) The time average of pressure in one
of the capacities, which is connected
with the pipe having a smaller flow
amplitude, is larger than that in the
other when {.< 1. However, the latter
becomes larger when Cy> 1.

(2) The absolute value of AH increases in
proportion to the increase of the
difference between the flow amplitude
in the lst pipe and the one in the 2nd
pipe.

3. Experiment and discussion

3.1 Experimental set-up and method

The arrangement of an experimental
set-up is schematically shown in Fig.5.

The water tanks with an air chamber are
installed at both ends of the main pipe of
the tee (see Fig.1). The lateral pipe is
connected with a cylinder through the nozzle
and a polyvinyl chloride resin pipe with
inner diameter of 4 cm. The sinusoidal
oscillating flow is delivered in the lateral
pipe by use of the piston which is driven

by a motor with a stepless speed change
device through a scotch yoke device. The
main and the lateral pipes were composed of
brass pipes and installed on the same hori-
zontal plane. Two water tanks with the

same geometry and dimensions were used.

The screens were placed in the water tanks
to prevent the water from sloshing. The
entrances from the tanks to the main pipe
with a radius of curvature of 1.25 cm were
used in order to make the entrance loss
coefficient Ty small.

We obtained the initial setting state
of the apparatus by the following procedure:
First the piston was kept at the neutral
position. Second, after filling the cylind-
er, the pipe and the tanks with water, we
discharged 2V, cm® of water to obtain air
chambers of volume Vo in both the tanks.
Finally the air in the air chambers was
compressed to a certain absolute pressure
P, and the valves B in Fig.5 were closed.

Pressures P.; and P, in the tanks
were measured by the pressure transducer
P.T. in Fig.5. Water temherature was mea-
sured by a thermometer set in the 2nd tank.
The dimensions of the apparatus and the
condition of experiment are summarized in
Table 1.
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3.2 Experimental results and consid—
eration
In this section we compare analytical
results obtained from the mathematical model
with those from experiment, discuss the
validity of the model, and clarify the ef-
fect of resonance on pump characteristics.
3.2.1 Natural frequency of the system
Setting the displacement of the piston
and all of the damping terms in the funda—
mental equation at zero, we obtain
(mat m2) @i+ (K + Ko )Qy =0 vereverennns (16)
where K;=kP,;/V,;+pgS; (i=1.2). From
Eq. (16) the natural frequency of the
system is derived as
Fa= 1/ 22 WK+ KD (mitmg) weeeeeee 17
For the apparatus used, Py1=Po>=P_,
Vo1=Vo2=V, and S§1=58,=At hold, and so
Eq. (17) reduces to

f"=(1/2;r)/2[(/(m|+m:) .................. (18)
where
K =P/ Vot pg/Agreeesereeaneorosrnaneeannn, (19)

3.2.2 Pumping effect and resonance

In this sub-section we describe
phenomena occurring in the system when the
piston is driven with frequency in the
neighborhood of f . An example of measured
wavefoms with frequency adjacent to the
resonance point of the system is given in
Fig.6, where x is the displacement of the
piston, p.; and p., are the deviations of
the pressure P,; and P, about the initial
setting state. As seen from the figure,
the fundamental component of the waveforms
is predominant. This proves validity of

Scotch yoke
Cecllogragn ||

Screen J B %Tﬂ,ﬂk I

‘g Tee I >

Fig. 5 Schematic diagram of the
experimental set-up

Table 1 Dimensions of the apparatus and
condition of experiment

Diameter d 2 an
Conduit
A 5517
I } 1 0 am
lg | 10025 an
Cross sectional area 4; 402 an?
Capacity 7799 am?
Tank Initial | Volume ¥, | 133002613 am®
setting
of air Pressure P, 121 kPa
Cross sectional area 4p | 28.27 am?
Piston Amplitude S L.15n1.75 am
Frequency bl 0.45542.87 Hz
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the prerequisite for the analysis in section that is, the time average pressure in the
2.3 when the system operates in the neighbor— tank connected with the shorter pipe is
hood of the resonance point. higher than the one connected with the
Figure 7 shows comparison of the ex- other side. However, the pressure in the
perimental results with the computed ones tank connected with the longer pipe is
using the fundamental equations. Pipe higher when ©'>1. Referring to Fig.7(a),
friction factors for laminar flow and for it is clear that the time average of pres—
turbulent flow were used to obtain the com- sure in the tank connected to the pipe with
puted results. Figure 7(a) shows the com- the smaller velocity amplitude is higher
puted dimensionless amplitudes of flow in than that in the other one., And the head
the main pipe R,; and R,, against the becomes larger in proportion to the differ-
dimensionless frequency § (=f/f,), where ence between the velocity amplitudes.

These results are in good agreement with
the analytical ones (1) and (2) in the
and U; is the amplitude of mean velocity section 2.3.

averaged over the main pipe cross section.
The solid line C.L. in Fig.7(a) represents

Ru=Ud/v (i=1,2) eeermerirornerieninn. (20)

A
Rec=441 /erfd‘/v .............................. (21) 5)‘10
Equation (21) gives the critical Reynolds @ Turbulert
number for oscillating flow; that is, when N Laminar.
Re; exceeds R,. and vV2mfd?/v>14 holds, &

friction factors are given by Blasius's 4
formula approximately(8), All measurements

in this study were made under the condition

that v2mfd?/v>14 holds. In Fig.7(a) it is

seen that the velocity amplitude Rei in the 3
longer pipe has a peak at the frequency a

little lower than the natural frequency fj

and Rez in the shorter pipe at the

frequency a little higher than fn. 2
The amplitudes Ro; are larger than R.. in
~the frequency range where a discrepancy

between the two computed lines exists.

Thus the computed line using the pipe fric- 1
tion factor for turbulent flow is reasonable

in such an operational condition as shown A
in Fig.7. Figure 7(b) shows the computed C
lines and the measured value of the pressure 0 0 05 10 15 20
amplitudes Py,; and Pg,, of the pressures ' ' R,
Pty and Ptz in the two tanks. The peaks

of Prai corresponding to the peaks of Ry; (a) Amplitudes of flow vs. frequency
come at the frequencies in the neighborhood curves

of Q'=1.

Figure 8 shows the measured head AH

with the computed lines for the same exper-— =10%
imental condition as in Fig.7. In the Theory . Experiment
frequency range o<1 the head AH is negative, i P P Prat Pra)
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(b) Amplitudes of pressure in the tanks
vs. frequency curves

S=155cm, Vo=1809 cm’®, /;=55cm, S=1.55cm, Vo=1809 cm®, ,=70 cm,
L=25cm, f»=137 Hz, =150 Hz £=10cm, fa=1.37 Hz
Fig. 6 An example of measured waveforms Fig. 7 Resonance curves
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It is seen from Fig.7 and Fig.8 that
the computed lines using the turbulent pipe
friction agree with the measured values.
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S=155¢cm, Vo=1809cm? [,=70cm,
;=10cm, f,=1.37 Hz

Fig. 8 Head versus frequency curves
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(a) Amplitudes of pressure in the tanks
vs. frequency curves
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(b) Head versus frequency curves

S=155cm, Vo=1809 cm®, /,=70 cm,
{2=10cm, f,=1.37 Hz

Fig. 9 Effect of the loss at tees

Hereinafter only the computed lines using
the turbulent pipe friction are shown.
Figure 9 shows an example of the
effect of the loss of head at the tee on
the Prai versus ' curves and the AH versus
' curves. In the figure A denotes the
computed curves which were derived from
the curves of g;, in Fig.3, and B the ones
when ¢12=0. The loss at the tee little
affects Pry; but it does AH considerably.
The Pps; versus §’ curves and the AH
versus {0’ curves computed from the mathemat-
ical model are shown for three values of
the water temperature (i.e. the values of
kinematic viscosity) in Fig.10. The curves
were computed under the assumption that the
change of the viscosity causes only the
change of the pipe friction. It is seen
that the amplitudes of pressure in the tanks
and the head depend a little on the change
of the kinematic viscosity only in the
neighborhood of the resonance point. The
results obtained from Fig.10 (a) and
Fig.9 (a) lead to the conclusion that one
of all damping teams which affects the
resonance phenomenon dominantly is the
energy loss for the flow from the pipe to
the tank when the pipe is short and the
pipe friction is small.
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(a) Amplitudes of pressure in the tanks
vs. frequency curves
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(b) Head versus frequency curves

S=115cm, Vo=1809 cm?®, /,=70 cm,
1:=10cm, fa=1.37 Hz

Fig. 10 Effect of kinematic viscosity
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Fig, 11 AH versus Q' curves for the
amplitude of piston
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Fig. 12 AH versus Q' curves for the
volume of air chambers
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Fig. 13 AH versus Q' curves for the
ratio of pipe

In Fig.1l the measured AH versus '
curves and the computed ones are shown for
four values of the piston amplitude S.

The absolute value of AH increases with an
increase of S, because the amlitude of flow
in the lateral pipe is in proportion to S.

The AH versus Q' curves are shown for
the air chamber volume Vo in Fig.12, and
for the pipe length ratio 1,/1, in Fig.13
where the total length of the main pipe
I1(= 1,+ 1,) is kept at 80 cm.

The analytical results using the
mathematical model described hereinbefore
are in good agreement with the measured
ones. Therefore we conclude that the math—
ematical model applied in this paper repre-
sents.well the pumping effect and the reso-
nance occurring in the system.

4, Conclusions

The pumping effect and the resonance
phenomenon occurring in a piston pump
without valves, which consists of a rigid
pipe system with a T-junction, two capaci-
ties connected with both ends of the main
pipe and a piston installed in the lateral
pipe, are studied theoretically and exper-—
imentally. The results are summarized as
follow:

(1) The mean pressure in one of the capac—
ities is higher than that in the other
for the low frequency range, and becomes
smaller for higher frequencies than a
certain value close to the resonance
frequency.

(2) The pumping effect increases with an
increase of the difference between the
amplitudes of velocity in the main
pipe connected with both sides of the
tee.

(3) The effect of the loss of head at the
tee and the pipe friction as the damp-
ing terms on the amplitude of velocity
in the pipes is smaller for the exper-
imental condition in this paper. The
pipe friction hardly contributes to
the pump characteristics but the loss
of head at the tee considerably does.

(4) The mathematical model used in this
paper predicts well the pumping effect
and the resonance phenomena.
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