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Measurement of Crack Opening Displacement and Energy
Release Rate of Rapidly Bifurcating Cracks in PMMA
by High-Speed Holographic Microscopy*

Shinichi SUZUKI** and Kenichi SAKAUE**

High-speed holographic microscopy is applied to take three successive photographs of
fast propagating cracks at the moment of bifurcation. The cracks are propagated in PMMA
plate specimens at a speed about 660 m/s. From the photographs, crack opening displacement
(COD) is measured along the cracks as a function of distance r from the crack tips. The
measurement results show that the CODs are proportional to +/r before bifurcation. After
bifurcation, the CODs of mother cracks are proportional to +/r, however, the CODs of branch
cracks are not always proportional to v/r. Crack speed is also measured from the photographs.
As a result, discontinuous change of crack speed is not observed at the moment of bifurcation.
The energy release rate and energy flux toward crack tips are obtained from the COD data,
and are found to be continuous across the bifurcation point. The energy release rate and
energy flux increase gradually across the bifurcation point.
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1. Introduction But this has been left as an open problem so far.

When brittle materials break under external force,
there appear fast propagating cracks that are of opening
mode and whose speed is from 200 to 2000 m/s. When
the crack speed is high enough, a fast propagating crack
bifurcates into two cracks suddenly. Bifurcation is a char-
acteristic feature of fast propagating cracks, accordingly,
many researchers have studied it theoretically and exper-
imentally =12 But the mechanism of the rapid crack
bifurcation has not been fully understood.

After bifurcation, the area of the crack surfaces that
are newly made by the crack extension of unit length is
twice as large as that before bifurcation. Consequently, if
the crack speed after bifurcation is the same as that before
bifurcation, the energy release rate of the crack after bifur-
cation must be twice as large as that before bifurcation. In
order to understand the mechanism of rapid crack bifurca-
tion it is important to make clear whether the discontinu-
ous increase of the energy release rate really occurs or not.
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To answer the question, it is necessary to measure the
energy release rate just before and after bifurcation. But
it is very difficult to measure energy release rate just after
bifurcation, because the two crack tips exist very close,
thus strong interaction occurs between them. Hence there
was no method to measure the energy release rate just after
bifurcation.

Recently, high-speed holographic microscopy was
applied to photograph fast propagating cracks at bifur-
cation!!”-02) The high-speed holographic microscopy
has spatial resolution much higher than the other opti-
cal measurement method used in dynamic fracture re-
search!!9-(19) The stress field near bifurcating crack tips
was measured accurately by the high-speed holographic
microscopy with interferometry!.

Utilizing the high spatial resolution of the high-speed
holographic microscopy, the present study takes micro-
scopic photographs of rapidly bifurcating cracks and mea-
sures crack opening displacement, COD, of the cracks just
before and just after bifurcation. Crack speed is also mea-
sured from the photographs. Energy release rate and en-
ergy flux toward crack tips are obtained from the measured
COD data.
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2. Experimental Method

2.1 Specimen
Figure 1 shows the transparent PMMA specimen used
in the present study. It is 300 mm wide, 50 mm long and
3mm thick, and has no notch. Uniform tensile stress is
applied to the specimen, and a small defect is made by a
knife-edge at the mid point A of the upper boundary of the
specimen. A fast propagating crack arises from the defect
and propagates toward the observation area at the center of
the specimen. When propagating in the observation area,
the crack bifurcates into two cracks. The crack speed at
bifurcation is approximately 660 m/sec.
2.2 High-speed holographic microscopy
When a specimen of brittle material breaks rapidly,
the specimen surfaces vibrate. Consequently, it is impos-
sible to focus a conventional microscope on a surface of
the specimen during the rapid fracture phenomena. High-
speed holographic microscopy can solve the problem and
makes it possible to take microscopic photographs of fast
propagating cracks.
2.2.1 Holographic recording of cracks Fig-
ure 2 (a) shows the optical system to record three succes-
sive holograms of a fast propagating crack. The optical

(10)—(16)

system has three pulsed ruby lasers as light sources. A
crack propagates in the PMMA specimen SP perpendic-
ularly to the paper plane. When the crack is propagating

A
Tensile
force —~«— Mother crack
Bifurcation
Bifurcated
Observation cracks
area
Fig. 1 PMMA plate specimen
PL1~3 -- Pulsed ruby laser
L1~-8 --Lens

M1~10 -- Mirror
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in the observation area, the ruby lasers oscillate in the or-
der of PL1, PL2 and PL3. The three laser beams record
the crack as the first, the second and the third hologram,
respectively. Laser pulse duration is approximately 30 ns,
and the time between each laser oscillation and the next is
about 5 us.

The light beam emitted from pulsed ruby laser PL1 is
divided into two parts by beam splitter BS1. The reflected
light beam from BS1 is diverged by lens L1 and collimated
by concave mirror CM. The collimated beam is reflected
by mirrors M1 and M2, and falls upon holographic plate
HP at the angle of incidence of 30 degrees. This is the
reference beam for the first hologram.

The light beam transmitted through beam splitter BS1
is diverged by lens L4, reflected by mirror M7, and passes
through beam splitters BS4 and BS5. Passing through
lenses L7 and L8, the light beam becomes a parallel light
beam. The parallel light bean passes through beam split-
ter BS6 and falls upon the specimen surface perpendic-
ularly. The light beam is reflected either by surface SA
or by surface SB of the specimen as shown in Fig. 2 (b).
The reflected light from the specimen is reflected by beam
splitter BS6, passes through imaging lens IL and impinges
on the holographic plate perpendicularly. This is the ob-
ject beam for the first hologram. The object beam makes
real image RI of the crack and the specimen in front of
holographic plate HP. Thus the optical system in Fig. 2 is
of image plane holography.

The pulsed ruby lasers, PL2 and PL3, oscillate about
5us and 10us after the oscillation of PL1. Then the
rapidly bifurcating crack is recorded as the second and
third hologram on the same holographic plate. The angles
of incidence of the three reference beams are different one

BS1~6 -- Beam splitter

CcM -- Concave mirror
IL -- Imaging lens

PD -- Photo detecter
PH -- Pin hole

SP -- Specimen

RI -- Real image

HP -- Holographic plate

PMMA Specimen

Incident
beam

Reflected

beem SA SB

(b)

Fig. 2 Holographic recoding system for rapidly bifurcating cracks
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another, 30, 45 and 60 degrees, then the three holograms
have different carrier wave frequencies. This is the angle-
multiplexing holography.

Photo detector PD measures the laser light and gives
the time interval of 7;;,; between the i-th frame and the
next.

2.2.2 Reconstruction and microscopic photogra-
phing Figure 3 shows the reconstruction and micro-
scopic photographing of the crack images from the su-
perimposed holograms. After developed, the holographic
plate is placed at the same position as that of the record-
ing, and is illuminated with a reconstruction beam that is
a parallel beam of a He-Ne laser. The angle of incidence
¢; of the reconstruction beam is given by the following
equation”,

sing; = (A /Ag)sing;

where qgi is the angle of incidence of the reference beam
for the i-th hologram, and Ay and Ax are the wavelengths
of He-Ne lasers (633 nm) and ruby lasers (694 nm), re-
spectively.

Reconstruction from the first hologram is shown in
Fig. 3 (a). [lluminated with the reconstruction beam of the
angle of incidence of ¢, the first hologram reconstructs
the conjugate beam of the first object beam. The con-
jugate beam propagates along the same optical path that
the object beam propagated, but in the opposite direction.
The conjugate beam passes through the imaging lens, is
reflected by the beam splitter, and makes a real image of
the crack at the position where it existed at the recording
of the hologram. The real image of the crack is magni-
fied and photographed through a conventional microscope.
The microscope is focused on surface SA of the speci-
men in Fig. 2 (b), hence, the crack on surface SA is pho-
tographed.

When the holographic plate is illuminated with the
reconstruction beam for the first hologram, the second
and the third hologram emit light beams that correspond
to the second and the third object beam. However, the
light beams from the second and the third holograms are

(i=1,20r3) )

Beam splitter Real image 1

Beam splitter

blocked up by the spatial filters in front of the imaging
‘lens. The real image of the crack of the first hologram is
therefore reconstructed separately.

The reconstruction from the second or the third holo-
gram is carried out in the same manner as that from the
first hologram as shown in Fig.3(b) and (c). The spa-
tial resolution of the reconstructed images is more than
180 lines/mm, and the observation area is about 20 mm in
diameter.

2.3 Measurement of Crack Opening Displacement
(COD)

Crack opening displacements are measured along
cracks on the photographs magnified by about 70 times.
Figure 4 (a) shows COD measurement of the crack be-
fore bifurcation. The COD is measured along the crack
as a function of distance r from the crack tip. Figure 4 (b)
shows the method to measure CODs of branch cracks. The
COD of each branch crack is measured along it as a func-
tion of the distance r from the tip of the branch crack. It is
known that the lengths of branch cracks are approximately
equal to one another.

Figure 4 (c) shows the method to measure the COD
of the mother crack after bifurcation. Before measuring
COD, one needs to define the position of the nominal tip
of the mother crack. The present study defines the position
of the nominal tip of the mother crack as follows.

(1) The nominal tip of a mother crack is on the x-axis
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Fig. 4 Measurement of crack opening displacement
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Fig. 3 Reconstruction and microscopic photographing of crack images
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that is along the mother crack.
(2) The x-position, x,,, of the nominal tip is given by
the equation,

1 N
Xm = N;Xi 2

where x; is the x-position of the i-th branch of the bifur-
cated crack, and N is the number of branch cracks. The x-
position, x;, of each branch crack is nearly equal to those
of the others, consequently, the value of x,, is very close
to that of every x;. The crack opening displacement of a
mother crack is measured as a function of the distance r
from the nominal tip determined by the above procedure.
2.4 Crack speed measurement

The crack speed before and after bifurcation is ob-
tained from the three successive photographs. Figure 5
shows the method to measure the crack speed of a bifur-
cating crack. In Fig.5 (a), the crack bifurcates between
the first and the second frame. Extension lengths of the
crack, a;, ar and a3, in x-direction are measured from the
photographs, where a, and a3 are determined from the po-
sition of the nominal tip of the mother crack. The frame
interval 7| and 7, are also measured by the signal of the
photo detector in Fig. 2. It is assumed that the crack speed
is constant before and after bifurcation, respectively. Thus
the crack speed v| before bifurcation and the crack speed
v, after bifurcation in x-direction are obtained through the

following equations,
(ar/v))+(ax/v) =71, a3z/v2=T>. 3)

If the bifurcation angle is small, the x-direction crack
speed v after bifurcation is approximately equal to the

(@) fe
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Fig. 5 Crack speed measurement
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speed of branch cracks. Assuming that bifurcation occurs
at the time of ¢ = 0, the time of photographing of every
frame, t;, > and #3, is also obtained from the crack speeds
vy and v,, by the following equations.

t3=(ay+a3)/v; 4)
In the case of cracks that bifurcate between the second
and the third frames, Fig. 5 (b), crack speeds, v; and vy,

before and after bifurcation are obtained by the following
equation,

h=-ai/v, t=a/va,

(az/v1)+(az/v2) =12, (5)
and, the time of photographing of each frame is also ob-
tained as follows,

ayfvy =1y,

n=az/vz.  (6)

In the case of symmetric bifurcation, 6, =6, =6 in
Fig. 4 (c), the crack speed of a branch crack v, is given by
following equation,

vp =03/ cosf 7

t=—(a +a)/vy, b=-az/v,

2.5 Energy release rate and energy flux

2.5.1 Energy release rate before bifurcation
The theory of dynamic fracture mechanics says that the
COD of a fast propagating crack is proportional to +/r.
Hence, by measuring COD, it is possible to obtain the en-
ergy release rate G(v) of the crack through the following
formula of dynamic fracture mechanics!®),

. 1 2
Gv)=—A (1)K
u

K()—\ﬁ L, 8
= 8 1—m L(v)a )

COD=ar

where K;(v) is dynamic stress intensity factor, v is crack

speed, u is the modulus of rigidity, « is a proportional con-
stant determined by the COD measurement. The constant
n is equal to i7/(1+n) under the plane stress condition,
where n is the Poisson’s ratio. Functions A;(v) and L(v)
are the functions of crack speed v, described as follows,

ay(l—a3)
Al()= ——————=
daar—(1 +a5)”
2e(a —a2)
L(v)= — ©9)

4oy —(1 +a§)z
ar=+V1-@/c)?

=V 1- (U/(,‘z)2

where ¢ and ¢; are the longitudinal and shear wave speed,
respectively. Through the above procedure, one can obtain
the energy release rate of a crack before bifurcation.
2.5.2 Energy release rate after bifurcation If
the lengths of the two branch cracks are exactly the same
and if bifurcation angle 6 tends to zero, the two tips of the
branch cracks exist at the same position as the nominal tip
of mother crack. Under the circumstances, the two branch
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cracks can be regarded as a single crack, and the COD
of mother crack is proportional to the distance r from the
nominal tip of the mother crack.

Through the above consideration, it is expected that
the COD of mother crack is approximately proportional to
+/r if the following conditions are satisfied.

(1) Bifurcation angle is small.

(2) The lengths of the two branch cracks are approx-
imately the same.

(3) The lengths of two branch cracks are much
smaller than the length of mother crack.

(4) As the result of the above three conditions, the

distance between the two branch crack tips are much
smaller than the length of the crack.
Experiments with stationary bifurcated notches were car-
ried out and confirmed that the COD of a mother crack
is proportional to +/r under the above mentioned condi-
tions!!?.

If COD of the mother crack is proportional to /7 un-
der the above conditions, it is possible to obtain the en-
ergy release rate G(v) from the COD measurement of the
mother crack. And the energy release rate obtained from
the COD measurement of mother crack is thought to be the
sum of the energy release rate of the two branch cracks,
because the bifurcated crack can be regarded as a single
crack under the circumstances that the bifurcation angle is
very small. In the present study, energy release rate of a
crack after bifurcation is obtained from the COD measure-
ment of mother cracks with Eqs. (8) and (9). The crack
speed v, of the nominal tip of the mother crack is used for
the calculation.

2.5.3 Energy flux The energy flux F(v) toward
a crack tip is given by the product of energy release rate
G(v) and crack speed v as follows.

F()=G(@)-v (10)

10mm

(a)
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3. Results

The present study measured crack opening displace-
ment, crack speed and energy release rate of eight bifur-
cating cracks. An example of the eight cracks is shown in
the followings.

3.1 Specimen after fracture

Figure 6(a) shows a specimen after fracture. The
crack arose at point A on the top boundary of the speci-
men, propagated downward and bifurcated into two cracks
at point BE.

Figure 6 (b) is the magnified photograph around the
bifurcation point BE. The crack bifurcated first at point B
into Crack 1 and Crack 2, then, Crack 3 bifurcated from
Crack 2 at point C. When the holographic recording was
taken place Crack 1 was propagating, but it arrested later
at point D. In the figure, also shown are the crack tip po-
sitions at the holographic recordings of the crack. The
crack tip was at 3.1 mm above bifurcation point B at the
recording of the first frame. At the recording of the sec-
ond frame crack tips were at 0.6 mm below point B, and
were at 3.4 mm below point B at the recording of the third
frame.

3.2 Crack at bifurcation

Figure 7 shows the three successive microscopic pho-
tographs at the bifurcation of the fast propagating crack
shown in Fig. 6. Figure 7 (a), (b) and (c) are the first, the
second and the third frames. The time interval T; between
the first and the second frame is 5.5us and, T, between
the second and the third is 4.5us. The photographs are
so clear that the crack opening displacement can be mea-
sured accurately along the crack. Bifurcation angle 6 of
the crack is about 14 degrees.

It must be noted that the length of the two branch
cracks are the same in Fig. 7 (b) and (c). This fact means
that the two branch cracks were propagating at the same
speed. The speed of the crack in Fig. 7 was 682 m/s before
bifurcation, and 612 m/s after bifurcation. The first frame

Mother crack-»

~|st frame

(b)

Fig. 6 (a) Specimen after fracture (b) Enlarged picture around the bifurcation point
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Fig. 7 Microscopic photographs of rapidly bifurcating crack

was photographed at 4.5 us before bifurcation, the second
frame, at 1.0us after bifurcation, and the third, at 5.5 us
after bifurcation, respectively.

Figure 6(b) shows that Crack 3 had already bifur-
cated from Crack 2 at point C before the third frame was
recorded. But Crack 3 does not exist in Fig. 7 (c). This
fact indicates that Crack 3 started bifurcation from Crack
2 in the inside of the specimen or on the specimen sur-
face opposite the photographed surface, but that Crack 3

JSME International Journal

didn’t arrived at the photographed surface yet when the
third frame was recorded. Accordingly, it can be said
that the rapid crack bifurcation is not two-dimensional but
three-dimensional phenomena'’’. This will be discussed
later.

Around the crack there are many interference fringes
that are created by the interference between the light beam
reflected by surface SA and that reflected by surface SB of
the specimen. The interference fringes represent the equi-
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thickness lines of the specimen or the contours of the sum
of principal stresses. It is possible to measure the stress
field around the crack tip by analyzing the interference
fringes. But the present study focuses the attention mainly
onto the COD of the cracks.

3.3 Crack opening displacement

Figure 8 (a), (b) and (c) show the results of the COD
measurement of the crack in Fig. 7 (a), (b) and (c), respec-
tively. The horizontal axis indicates the distance r from
a crack tip, and the vertical scale denotes COD. In the
present study, the CODs were measured along cracks from
the crack tips up to about 10 mm.

Figure 8 (a) shows the result of COD measurement of
a crack before bifurcation. The measurement result says
that the COD of the crack before bifurcation is propor-
tional to the square root of the distance r from the crack
tip. This result is in agreement with the theoretical and ex-
perimental results on fast propagating cracks that are not
bifurcated>> (16).(18),

On the other hand, shown in Fig. 8 (b) and (c) are the
results of COD measurement after bifurcation. The impor-
tant fact is that, both in Fig. 8 (b) and (c), the COD of the
mother crack is proportional to 7. It is confirmed that,
not only on the crack in Fig. 7 but also on all of the other
cracks, the CODs of mother cracks were proportional to
the square root of the distance r from the nominal tips of
mother cracks which are defined in section 2.3.

But, the CODs of the two branch cracks are not nec-
essarily proportional to +/r as shown in Fig. 8 (b) and (c).
This may be caused by the three dimensional structure of
bifurcating crack tips mentioned in the previous section.

3.4 Crack speed

Figure 9 represents the result of crack speed measure-
ment. The vertical axis is the crack speed, and the horizon-
tal axis is the crack tip position measured from the bifur-
cation point. The negative value of the crack tip position
means the cracks before bifurcation, and the positive value
means the cracks after bifurcation.

The measurement result clearly shows that there is
no discontinuous change of crack speed at the bifurcation
point. The mean value of crack speed v, before bifurca-
tion is 688 +45 m/s, while the mean of crack speed v, of
the cracks after bifurcation whose tips are within 5 mm
from the bifurcation point is 647+35 m/s. The mean value
of bifurcation angle 6 is 15 degrees in the present study.
Thus the mean value of crack speed v, of branch cracks is
669 + 36 m/s, which is obtained through Eq. (7). Hence it
can be said that (1) Crack speed v, of the nominal tip of the
mother crack after bifurcation is smaller than that before
bifurcation by 42 m/s, and (2) Crack speed v, of branch
cracks is slower than crack speed v; before bifurcation by
19 m/s. However the scattering of speed measurement data
is from £35 to x45m/s. Thus it must be noted that the
crack speed change at bifurcation is as small as the scat-
tering of measurement data in the present study.

3.5 Energy release rate and energy flux

The COD measurement says that the COD of a crack
before bifurcation is proportional to +/r, and, after bifur-
cation, the COD of mother crack is proportional to /7.
Therefore it is possible to obtain the energy release rate
G(v) of a crack both before and after bifurcation. Figure 10
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Fig.9 Crack speed near the bifurcation point
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shows the energy release rate just before and after bifur-
cation. The horizontal axis is the distance measured from
the bifurcation point, and the vertical axis is the energy re-
lease rate obtained from the COD measurement. It must
be noted that there exist no discontinuity of energy release
rate. The energy release rate is continuous at the bifurca-
tion point, and increases gradually with crack extension.

Figure 11 shows the energy flux to crack tips. The
horizontal scale is the time ¢t measured from the instant
of bifurcation, and the vertical scale is the energy flux
F(v) that is given by the product of energy release rate
and crack speed. The graph says that the energy flux to
crack tips is also continuous at the moment of bifurcation.
There is no discontinuity of energy flux. This is because
there is no discontinuous change both in crack speed and
in energy release rate.

4. Discussions

4.1 Energy release rate given by the COD of
mother crack

Energy release rate given by the COD measurement is
valid for the cracks before bifurcation, because the CODs
are proportional to /r which is in agreement with the the-
ory of dynamic fracture mechanics.

In the case of cracks after bifurcation, the CODs of
mother cracks are proportional to the square root of the
distance r from the nominal tip of the mother crack, as
shown in Fig. 8. This is probably caused by the small bi-
furcation angle of 15 degrees. Accordingly it can be said
that the energy release rate obtained from the COD mea-
surement of mother cracks is valid just after bifurcation
where the length of branch cracks are much smaller than
the length of the mother crack.

In the case of cracks with longer branch cracks, the
energy release rate given by the COD measurement of
mother cracks may deviate from the true value of energy
release rate. However, the result that the energy release
rate is continuous at bifurcation is valid, because the COD
measurement of mother cracks gives the correct values of
energy release rate just after bifurcation.

4.2 Continuity of crack speed and energy release
rate

As shown in Figs. 10 and 11, energy release rate and
energy flux are continuous at the moment of bifurcation,
and don’t show discontinuous change within the accuracy
of measurement. And the crack speed change at bifur-
cation is as small as the scattering of measurement data.
These facts seem to be difficult to understand on the as-
sumption that the crack bifurcation is two-dimensional
phenomena, because crack surfaces increase discontinu-
ously at the moment of bifurcation on the two-dimensional
assumption.

As described in section 3.2 and 3.3,
scopic photographs of bifurcating cracks strongly indi-

the micro-
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cates that the bifurcation process is three-dimensional phe-
nomena‘". If the bifurcation process is three-dimensional,
the fracture surface can increase continuously. As the re-
sult, the energy release rate can increase gradually and
continuously at the bifurcation point without discontinu-
ous decrease of crack speed.

Figures 9, 10 and 11 shows that the energy release
rate and energy flux increases gradually with crack exten-
sion even though the crack speed does not increase. This
is probably caused by the gradual increase of the area of
fracture surfaces during the bifurcation process.

4.3 Validity of nominal tip position of mother
crack

When the nominal tip position of a mother crack
was determined in section 2.3, the branch cracks were
thought to be two-dimensional through cracks. But the
real branch cracks just after bifurcation are not neces-
sarily two-dimensional through cracks, but often three-
dimensional ones as shown in Fig. 7. The present study ap-
plied the method to determine the nominal tip positions of
mother cracks to all the bifurcated cracks even in the case
that branch cracks are likely to have three-dimensional
structure. As a result, it was found that the COD of mother
cracks is proportional to the distance r from the nominal
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tips determined by the method described in section 2.3.
The result indicates that the method in section 2.3 is valid
to determine the nominal tip position of a mother crack
even if the branch cracks have three-dimensional structure.
This is probably explained by the following reasons.

The first is that the bifurcation angle is small and bi-
furcation is approximately symmetric to the direction of
the mother crack. It is thus a good assumption that the
nominal tip of a mother crack is on the line extrapolated
from the mother crack.

The second reason is that all the branch cracks prop-
agates at the same speed. In Fig. 7, the tip of Crack 3 is
thought to be at point E between Crack tip 1 and Crack
tip 2, because the interference fringes show the stress con-
centration at point E. This fact says that the tips of Crack
1, 2 and 3 were approximately at the same position in x-
direction. Consequently, the nominal tip position of the
mother crack determined from Crack tip 1 and Crack tip
2 is nearly equal to that determined from the positions of
Crack tip 1, 2 and 3.

Through the above examination, it can be said that
the three-dimensional structure of bifurcating crack tip
doesn’t largely affect the position of the nominal tip of
a mother crack. The above mentioned is strongly sup-
ported by the simultaneous photographing of fast propa-
gating cracks on the both surfaces of specimens done by
the authors®®?.

5. Conclusions

(1) Crack opening displacement (COD) of a fast
propagating crack before bifurcation is proportional to the
square root of the distance r from the crack tip. After bi-
furcation, the COD of the mother crack is proportional to
\r.

(2) Crack speed does not decrease discontinuously
at the moment of rapid crack bifurcation.

(3) The energy release rate obtained from the COD
measurement increases continuously and gradually at the
bifurcation point, and does not show discontinuous in-
crease.

(4) Energy flux is also continuous at the instant of
bifurcation. It increases continuously and gradually with
crack extension.
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