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ABSTRACT 

 

Earthquakes are caused by a sudden release of energy from the movement between 

tectonic plates; besides geological faults and volcanism. As Peru is located in a high seismic 

hazard zone, it is necessary to improve the seismic response of buildings against earthquakes. In 

addition, in recent years, large scale construction of medium-rise building that use low ductility 

reinforced concrete (LDRC) walls has become commonplace in Peru. These walls do not have 

boundary columns but instead have a small quantity of reinforcing bars at each end and 

therefore expected to fail in flexural mode. 

LDRC walls do not have a large deformation capacity in comparison with 

conventional RC walls, whereby, to improve seismic response of buildings composed by LDRC 

walls against earthquakes, might be possible by increasing its deformation capacity through 

carbon fiber sheet (CFS) confinement method. 

Two verification tests were conducted by using CFS as a retrofitting method in 

Toyohashi University of Technology (TUT), Japan. The first test was conducted over three 

LDRC walls (Without CFS, full wall retrofitted with CFS and edges retrofitted with CFS). The 

second test was conducted over another three similar walls following the same retrofitted 

pattern of the first experiment but with a partial height retrofitted with CFS. From those tests, it 

was verified that carbon fiber sheets delay the concrete crushing of the wall base that occurs 

during flexural failure and that deformation performance was improved. 

To verify the confinement effect of CFS, a third experiment was conducted using 

concrete samples with CFS by changing the size, shape and number of CFS layers. In total, 39 

concrete samples (Circular shape: 8-150x300mm, Square shape: 9-150x150x300mm, 2-

150x150x450mm, Rectangular shape: 4-150x300x300mm, 2-150x300x450mm, 5-

100x300x200mm, 2-100x300x300mm, 5-100x400x200mm, 2-100x400x300mm) were tested  

under compressive loading (monotonic and cyclic). From the experiment, it was confirmed that 

deformation performance was improved and the strength of the concrete was increased due to 

the confinement provided by the CFS. However the stress-strain relationship of concrete with 

CFS depends on the geometry of the concrete sample.  

A model of stress-strain relationship of concrete with or without CFS confinement was 

proposed and compared with the experimental results. The proposed model for the stress-strain 

relationship of unconfined concrete under cyclic loading is based on Darwin & Pecknold’s 
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model, Noguchi’s model, Naganuma’s model, Lam & Teng’s model and Nakatsuka’s model. 

This model takes into consideration three linear functions after reaching the maximum strength 

of the concrete. Besides, this model considers the plastic strain deformation during the 

unloading path and the inner loop during the compressive stage. 

Regarding to the monotonic stress-strain relationship of concrete with CFS 

confinement, the proposed model is based on Nakatsuka’s model which has two linear functions 

after reaching B-point up to the rupture of the CFS. Considering the influence of the parameters 

which affects the stress-strain relationship of the concrete confined with CFS, such as sample 

shape, aspect ratio and effective confinement ratio of the section, modified Nakatsuka’s model 

is introduced for the monotonic stress-strain relationship of concrete with CFS confinement.  

For the cyclic hysteresis rules of concrete with CFS confinement, the proposed model 

for unconfined concrete was used by using the monotonic stress-strain relationship of concrete 

with CFS confinement, and following the same rules to generate the hysteresis loops. By using 

the proposed model, a uniaxial test simulation over the samples of the third experiment was 

conducted in order to validate the model. Both, monotonic and cyclic simulations gave a good 

match with the experimental results. 

A software of Finite Element Method, STERA_FEM, was developed taking 

consideration: 4 nodes isoparametric planar element, incompatible element, 9 Gaussian points, 

the proposed model for concrete with or without CFS confinement, equivalent uniaxial strain of 

concrete for each principal direction considering the bi-axial stress-strain relationship of 

concrete by using the maximum stress surface of concrete, smeared crack model with the 

Menegotto-Pinto hysteresis model for reinforcing steel and an elastic-brittle model for CFS.  

Finally, a pushover analysis were conducted and compared with the experimental 

results of the six walls (retrofitted with CFS and non-retrofitted). 

Further studies on the shape coefficients for circular, square and rectangular shaped 

are suggested to improve the non-linear hysteresis of concrete retrofitted with CFS, by 

increasing the data with a large range of concrete types, using different amount of CFS as a 

confinement method and considering the effective confinement ratio of the section. 
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CHAPTER 1 :  INTRODUCTION 

1.1 General background 

Earthquakes are caused by a sudden release of energy from the movement between 

tectonic plates; besides geological faults and volcanism. As Peru is located in a high seismic 

hazard zone, it is necessary to improve the seismic response of buildings against earthquakes. In 

addition, in recent years, large scale construction of medium-rise building that use low ductility 

reinforced concrete (LDRC) wall has become commonplace in Peru, with rectangular cross-

sections, reinforced with wire mesh and additionally vertical reinforcing bars at boundary ends 

[43]. These walls do not have boundary columns but instead have a small quantity of 

reinforcing bars at each end and therefore expected to fail in flexural mode. 

It is well known that the capacity of any building to resist the seismic forces from a 

certain earthquake is due to the energy dissipation; this energy dissipation can be generated 

through inelastic deformations of the structure, which means a structural damage that is allowed 

by the structural design codes. The principle of the seismic-resistance design is to prevent the 

collapse of the structure after an earthquake but is allowed that the building may suffer some 

level of structural damage. 

Recent experiences such as the Chile Earthquake occurred in February 27, 2010 with 

moment magnitude Mw 8.8 drew a huge uncertainty regarded to the response behavior of 

medium-rise buildings that use LDRC walls as is shown in Figure 1-1 and Figure 1-2. 

 

  

Figure 1-1 Damage in a 13 story height building that use LDRC wall 
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Figure 1-2 Damage in a 22 story height residential building that use LDRC wall 

Nowadays in Peru, many buildings have been constructed using LDRC wall, mainly 

for residential buildings as is illustrated in Figure 1-3. 

  

Figure 1-3 Buildings in Peru that use LDRC wall 

1.2 Problem statement 

Buildings that use reinforced concrete (RC) walls, has a typical configuration which 

includes boundary columns, those walls may have one or two reinforcing steel layers over the 

wall span as is shown in Figure 1-4. On the other hand, buildings that use LDRC do not have 

boundary columns but instead have a small quantity of reinforcing bars at each end and 

therefore expected to fail in flexural mode; those walls may have one or two reinforcing steel 

layers over the wall span as well as is shown in Figure 1-5. 
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Figure 1-4 Typical RC wall 

 

 

Figure 1-5 Typical RC wall 

The expected behavior of RC walls and LDRC wall is shown in Figure 1-6. Where, 

RC walls are expected to have higher maximum strength and larger deformation capacity in 

comparison with LDRC wall. This expected behavior it is confirmed by several experimental 

reports. [20][21][43] 

 
Figure 1-6 Typical RC wall 

The earthquake force induced in the structure is transformed into elastic energy of 

movement and deformation, and energy dissipated. From the principle of the energy 

conservation, an energetic equilibrium between the input energy and the sum of elastic energy 

and dissipated energy must exist. At the same time, the elastic energy of the structure is 

composed of potential energy of elastic deformation and energy of movement. 

1 Layer Column

2 Layers

Column

1 Layer

2 Layers

F

d

RC Wall With 

Boundary Columns

RC Wall Without 

Boundary Columns
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On the other hand, the structure can dissipate energy through the damping of the 

structure and hysteretic energy. The damping of the structure is inherent to its structural 

characteristics, while the hysteretic energy is coming from inelastic deformations or structural 

damage that the structure suffers during the earthquake. 

How to improve the response of buildings that use LDRC walls?. Taking into 

consideration that LDRC walls may fail in flexural mode. Therefore, by increasing its 

deformation capacity will improve its hysteretic energy dissipation. However, how to improve 

the deformation capacity of LDRC wall that already exist?. This investigation will focus on the 

retrofitting method by using CFS. 

1.3 Objective and scope of the study 

1.3.1 Objectives of the study 

The overall goals of this investigation are outlined as follow: 

1. To assess the performance of low ductility reinforced concrete walls retrofitted 

with carbon fiber sheet under cyclic loading. 

2. To propose a formulation to predict the non-linear response of concrete under 

cyclic loading. 

3. To develop a non-linear finite element software to model the behavior of 

reinforced concrete under cyclic loading. 

The objectives of this study are drawn below: 

1. To verify the deformation capacity improvement of low ductility reinforced 

concrete walls retrofitted with carbon fiber sheet. 

2. To investigate the confinement effect of concrete with carbon fiber sheet 

reinforcement. 

3. To develop a non-linear stress-strain relationship for concrete with or without 

carbon fiber sheet reinforcement. 

4. To implement a non-linear finite element software with the proposed model. 

5. To validate the proposed models by comparing the experimental result with the 

proposed model. 
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1.3.2 Scope of the study 

Deformation capacity of LDRC walls under cyclic loading can be improved by using 

different types of retrofitting methods, such us using carbon fiber sheet to confine the concrete 

section of the wall. The effectiveness of the retrofitting depends on the retrofitting method used, 

and this investigation will focus in the retrofitting with carbon fiber sheet. Two ways of 

retrofitting with carbon fiber sheet are used. 

Since medium-rise building that use LDRC walls my fail in flexural mode, the 

retrofitting method applied is expected to improve the deformation capacity, while the 

maximum strength should not be affected. 

A model of stress-strain relationship of concrete with or without CFS confinement is 

proposed and compared with the experimental results. Parameters which affect the stress-strain 

relationship are discussed, such as: sample shape, confinement ratio, etc. Then, the software of 

Finite Element Method, STERA_FEM, was developed adapting this new model. STERA_FEM 

takes into consideration: four nodes isoparametric elements, 9 Gaussian points, incompatible 

element, the modified Darwin and Pecknold hysteresis model for reinforced concrete including 

confinement effect of CFS, smeared model and Menegotto-Pinto hysteresis model for 

reinforcing steel; and an elastic-brittle model for CFS. The analysis of the wall specimen in the 

first and second experiments was conducted using STERA_FEM and compared with test results. 

1.4 Outline of the dissertation 

The dissertation is organized in eight chapters. Some statements of the expected 

performance of LDRC walls and problems related to its behavior are described in the present 

chapter. Besides, objectives, scope and outline of this study are listed in the current chapter. The 

rest of the chapters are outlined as follow: 

Chapter 2: Literature review. This chapter presents the theoretical background of the 

material components of the LDRC wall retrofitted with CFS, such as concrete, reinforcing steel 

and carbon fiber sheet. Besides, this chapter reviews researches about the stress-strain 

relationship for concrete, reinforcing steel and carbon fiber sheet. 

Chapter 3: Finite element method – Elastic theory. This chapter summarized the 

elastic theory of the finite element method used in this study. Important definitions are 

presented in this chapter such us: Interpolation function, Gaussian quadrature rule, 

Isoparametric element, Stress and strain at Gaussian points and Incompatible element.  



7 

 

Chapter 4: Experimental tests. This chapter summarizes the three experiments 

conducted: LDRC wall retrofitted with full height of CFS under cyclic loading, LDRC wall 

retrofitted with partial height of CFS under cyclic loading and confinement effect of concrete 

with CFS reinforcement as a retrofitting method under monotonic and cyclic loading. 

Chapter 5: Monotonic stress-strain relationship of concrete with CFS confinement. 

This chapter review researches about the monotonic stress-strain relationship of concrete with 

carbon fiber sheet confinement under compressive loading by comparing with the experimental 

result presented in the previous chapter. Besides, a modified Nakatsuka’s model is presented in 

this study by changing its shape coefficients. 

Chapter 6: Stress-strain relationship of concrete with or without CFS confinement 

under cyclic loading. A proposed stress-strain relationship for concrete with or without CFS 

confinement is presented in this study; this model is based on Darwin & Pecknold, Noguchi, 

Naganuma and Lam & Teng’s model. Moreover a comparison with experimental results 

presented in the Chapter 4 is carried out. 

Chapter 7: Nonlinear finite element analysis. This chapter presents the theoretical 

formulation to conduct a non-linear finite element analysis of reinforced concrete based in the 

formulation presented in Chapter 3, taking into account a four nodes isoparametric element, 

incompatible element and nine Gaussian points. Besides, biaxial stress-strain relationship of 

concrete is considered. This chapter also shows the comparison of experimental wall presented 

in Chapter 4 and nonlinear finite element analysis.  

Chapter 8: Conclusions and Recommendations. This chapter provides some 

conclusions from the experimental and the analytical results obtained in this research, and some 

recommendation for further researches. 

 

 



 

 

 

 

 

 

 

CHAPTER 2 

 

LITERATURE REVIEWED 
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CHAPTER 2 :  LITERATURE REVIEW 

2.1 Material overview 

2.1.1 Concrete 

Reinforce concrete is the major medium of construction throughout the world. While 

in service, reinforce concrete structures are subjected to many cycles of load. In case of 

structures located in seismic zones, whereby subjected to seismic loads, the cycles may be of 

large magnitude. [9] 

Cervanka [6] and Yuzugullu & Schnobrich [42] conducted several test on reinforce 

concrete elements such as shear walls, shear panels and flexural member; they modeled those 

elements as elasto-plastic materials. From the experimental test, it was determined that the steel 

remains elastic and the concrete behaves as an elastic-brittle material. Hence the concrete 

behaves in a highly nonlinear manner in uniaxial compression, but in uniaxial tension can be 

idealized as a linear, elastic and brittle material. (See Figure 2-1) [9] 

 

Figure 2-1 Typical Stress-Strain Curve for Plain Concrete under Uniaxial Deformation 

 

Figure 2-2 Effect of Biaxial Stress State on Behavior for Plain Concrete 

Tension 

E
0
 

f´t 

 

 

f´c 

Compression 

 

 

Biaxial 
2 & 1 

Uniaxial 
2 (1=0) 



10 

 

The effect of biaxial stresses on the stress-strain behavior and on the strength of plain 

concrete is shown in Figure 2-2. Besides, under cyclic loading test, the hysteresis curves and its 

envelope curve (Skeleton Curve) are shown in the Figure 2-3. The area enclosed by each loop 

represents energy dissipated during each cycle. [12][39] 

 

Figure 2-3 Behavior of Concrete Sample under Cycles of Compressive Loading 

2.1.2 Reinforcing steel 

On the other hand, regarding to the Reinforce Concrete, reinforcing steel behaves as a 

linear elastic material until reaches its yielding strength, after that, steel behaves in the plastic 

range, then strain hardening occurs, and finally failure (See Figure 2-4). However, Aktan et al. 

[3] and Singh et al. [38] found in their investigations, that steel behaves quite different under 

cycles of loading (See Figure 2-5). [9] 

 

Figure 2-4 Typical Stress-Strain Curve of Steel under Monotonic Load 

 

Figure 2-5 Behavior of Steel under Cyclic Loads 
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2.1.3 Carbon fiber sheet 

Carbon fiber sheet (CFS) is formed by laying out fibers made of carbon, in a single or 

multiple directions and embedding them with a protective epoxy resin (See Figure 2-6). CFS 

has a higher strength, stiffness, corrosion and fatigue resistance whiting reasonable cost in 

comparison with other material such as glass or aramid. An advantage of using CFS is the 

negligible increase of the dead load due to its light weight. [19] 

 

Figure 2-6 Carbon fiber sheet 

CFS has a very high unidirectional tensile strength. Typical values are between 

2500~4600 MPa for tensile strength and 235~260 GPa for Young’s modulus. Essentially, CFS 

behavior is linear elastic up to the tensile strength limit where CFS rupture occurs. Once it 

reaches the tensile strength, CFS fails suddenly in a perfect brittle mode (Figure 2-7). Fibers are 

assumed to have strength and stiffness in the fiber direction but no resistance perpendicular to 

the fiber direction is considered. [19] 

 

Figure 2-7 Linear-brittle model of CFS 

2.2 Stress-strain relationship 

Considering an isotropic element (3D or 2D element), which has the same properties 

in all analysis directions (See Figure 2-8), the strain-stress relationship is proportional to the 

Young Modulus (E) of the material as is given by: [4][8][31] 

Ef 

1 

ft 
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     (2-1) 

Where the stress and strain tensor, in case of 3D element, are defined as follow: 

  [

         

         

         

]    [

         

         

         

]  

 

Figure 2-8 3D and 2D element 

2.2.1 Constitutive equation 

From the Equation (2-2), and applying volumetric deformation to each principal 

direction and considering Poisson ratio effect over the strain deformation, the following 

equations are given: 
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Besides, shear strain  , is defined as follow: 
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In the same way, Equations (2-2) and (2-3) can be applied for a planar element, 

neglecting the third direction. 
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2.2.2 Shear modulus 

Considering a planar element subjected under pure shear state stress as is shown in 

Figure 2-9. 

 

Figure 2-9 Pure shear on planar element 

Where   is the Shear Modulus and the relationship between   ,   and   , using 

Equation (2-4) as follows: 
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2.2.3 Shear strain 

Figure 2-10 shows the shear strain deformation of a planar element. 

 

Figure 2-10 Shear strain deformation 
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Where:   ̅̅ ̅̅    , is the original dimension of the planar element, and     ̅̅ ̅̅ ̅̅  is the final 

dimension after the strain deformation. 

    ̅̅ ̅̅ ̅̅  √(   
  

  
  )

 

 (
  

  
  )

 

 (2-6) 

Taking into consideration very small displacements gradients, 
  

  
 can be neglected, 

thus Equation (2-6) can be written as follows: 

    ̅̅ ̅̅ ̅̅      
  

  
   (2-7) 

Thus, strain deformation in x-direction and y-direction,    and    respectively, can be 

defined as the ratio of variation of the original longitude over the original longitude as follow: 

   
    ̅̅ ̅̅ ̅̅    ̅̅ ̅̅
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(2-8) 

Introducing shear strain as the summation of rotational deformation as follow: 

        

     

  
  

  

   
  
  

  
 

  
  

  
  
  

 

     

  
  

  

   
  
  

  
 

  
  

  
  
  

 

 

For small displacement: 
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For small rotations   and  ; thus        and        
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Similarly, we can obtain the shear strain for y-z and z-x planes. 
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Going back to Equation (2-1): 
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Where: 
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For isotropic materials, means that its physical properties are the same in each 

direction, therefore: 
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2.2.4 Strain and stress vector 

From Equation (2-2) and (2-3), strain vector can be defined as follows: 
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Taking the inverse matrix, stress vector is given by: 

{
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 (2-14) 

Where   is the Lame’s first parameter defined as follows: 

  
  

(   )(    )
 (2-15) 

2.3 Stress and strain definitions 

Basic definitions are introduced for the better understanding of the strain-stress 

relationship. [4][8][31] 

2.3.1 Volumetric strain 

The Volumetric Strain is defined as the total strain in the principal directions: 

                 (2-16) 
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2.3.2 Hydrostatic strain and stress 

Introducing the terms: Hydrostatic Strain    and Hydrostatic Stress   , both of them 

are defined as the average value of the principal strain and stress respectively as follow:  

   
           

 

   
           

 

} (2-18) 
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2.3.3 Bulk modulus 

Using Equation (2-18) into the Equation (2-17): 

        

(    )

 
 (2-19) 

Where the ratio between    and      is called Bulk Modulus ( ): 

  
  

    
 

 

 (    )
 (2-20) 

Therefore: 

  
  

   
 (2-21) 

2.3.4 Deviatoric strain and deviatoric stress 

Deviatoric strain     and deviatoric stress    , is defined as follow (matrix notation): 

             

             
} (2-22) 

Where    , called Kronecker Delta is defined as follow: 
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Therefore, going back to the Equation (2-11): 
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Then, from Equation (2-22): 
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Now replacing Equation (2-22) into Equation (2-18): 

           

 
    

                                 

                            

              

 

Thus, going back to the Equation (2-24): 
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Similarly: 

    
   

  

    
   

  

} (2-26) 

Now strain can be expressed in function of deviatoric strain and hydrostatic strain as 

follow: 

            

Using Equation (2-21) and Equation (2-25): 

    
  

  
 

   

  
  

In the same way using Equation (2-26): 

    
  

  
 

   

  
 

    
  

  
 

   

  
 

 

Writing in matrix notation: 

             

       

  

  
 

   

  

} (2-27) 
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2.3.5 Octahedral normal and shear strain and stress 

The octahedral normal stress and strain is defined by hydrostatic components as 

follows: 

   
        

 

   
        

 

} (2-28) 

The octahedral shear stress and strain in terms of principal stress and strain 

respectively is given by: 
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} (2-29) 

For a biaxial strain-stress state,      is considered. 
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(2-30) 

Similarly than Equation (2-21): 

  
  

   
 (2-31) 

And, 

  
  

   
 (2-32) 

2.3.6 Invariants of stress tensor 

Considering a 3D element as is shown in Figure 2-11, the relationship between the 

stress vector * + on the surface of the 3D element and the stress vector * + on an inclined plane 

with a unit-length direction vector * + is expressed as follows: 

{
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} (2-33) 
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Figure 2-11 3D element and inclined plane 

The relationship shown in Equation (2-33) is called “Cauchy stress tensor”. From 

Figure 2-11, considering an inclined plane, where * + is a normal   with zero shear stress, then: 
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} (2-34) 

To have a non-trivial solution, the determinant of the matrix shown above must be 

zero. 
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           (2-35) 

Where,   ,    and    are called the “Invariants of the stress tensor” and are defined as 

follows: 
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The solution of Equation (2-35) has three answers *        + which are called the 

“Principle Stresses”. Since the principle stresses also satisfy the Equation (2-35), the invariants 

of the stress tensor can be expressed by the following equation: 

               

                 

         

} (2-37) 

Where    is the hydrostatic stress. Besides it is known that the hydrostatic stress has 

no relation with yielding condition for metals, so it is convenient to define the deviatoric stress 

as follows: 

  
       

  
       

  
       

- (2-38) 

Now by using Equation (2-38), the invariants of the deviatoric stress tensor are 

defined as follows: 
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CHAPTER 3 :  FINITE ELEMENT ANALYSIS – ELASTIC THEORY 

3.1 Plane analysis 

Considering a triangular element for plane analysis, the problem is to obtain the nodal 

deformations of the element shown in Figure 3-1. The deform shape of the triangular element 

has infinite of variations of deformation patterns as is schematized in Figure 3-2. [4][8][31] 

 

Figure 3-1 Triangular element 

 

Figure 3-2 Deform shape of triangular element 

Assuming a linear function to represent the deform shape of the triangular element 

shown in Figure 3-2 and the deform shape functions are described below: 

 (   )            

 (   )            
} (3-1) 

In matrix notation: 

2
 
 
3  [

      
      

]

{
 
 

 
 
  

  

  
  
  
  }

 
 

 
 

 (3-2) 

The relation between nodal displacement and element deformation by using Equation 

(3-2) are expressed as follows: 
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Figure 3-3 Coordinates of triangular element 
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(3-3) 

From the above equation, coefficients            can be obtained as follows: 

       (3-4) 

Substituting Equation (3-4) into Equation (3-2), the relation between nodal 

displacement and element deformation is described as below: 

2
 
 
3  [
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 (   )                  (   )                          

(3-5) 

The constitutive equation at the nodes can be obtained between the nodal force and the 

nodal displacement, for example, by using the “Principle of Virtual Work Method”. 

 

Figure 3-4 Coordinates of triangular element 
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(3-6) 

The process is summarized as follows: 

(1) Translate external forces into equivalent nodal force: 

  *                 +
  

(2) Calculate the nodal displacements from the constitutive equation. Where   is called 

the stiffness matrix: 

       

(3) Obtain the element deformation from the nodal displacement: 

 (   )   (   )  

3.2 Stiffness matrix for planar element 

Stiffness matrix in Equation (3-6) can be obtained from the “Principle of Virtual Work 

Method” [4][8][31] which is expressed as follows: 

∫  ̅    

 

  ̅   (3-7) 

Where,  ̅  is the virtual strain vector,   is the stress vector,  ̅  is the virtual 

displacement vector and    is the load vector. 

In case if a plane element, the strain   is defined as: 
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Substituting Equation (3-5) into Equation (3-8), the strain vector is calculated from the 

nodal displacement vector as follows: 

{
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(3-9) 

In the plane stress problem, the stress-strain relationship is expressed as: 

{

  

  

   

}  
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(3-10) 

Substituting Equation (3-9) into Equation (3-10), 

      (3-11) 

From the Principle of the Virtual Work Method, 

∫(  )
 
(   )  

 

  ̅ (∫       

 

)   ̅   (3-12) 

Therefore, the constitutive equation is obtained as follows: 

       ∫       

 

 (3-13) 

3.3 Interpolation function 

Considering one dimensional element under loading, a linear function for the 

deformation pattern after loading is assumed as is shown in Figure 3-5. [4][8][31] 

 

Figure 3-5 One dimensional element 
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(3-14) 

The next step is to obtain the coefficients,    and   , from the nodal displacements 

from the following relations: 

           

           
 

Writing in matrix notation: 
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(3-15) 

The coefficients are obtained as        . Then, the relation between the 

deformation and the nodal displacements is, 

 ( )  (  )   .
  

  
/ (3-16) 

Instead of previous procedure, an interpolation function is introduced to express the 

deformation directly from the nodal displacements: 

 ( )    ( )     ( )   (3-17) 

The interpolation functions    and    has the following characteristics: 

  ( )  {
      

      
                ( )  {

      

      
 (3-18) 

From Equation (3-18), interpolation functions are described below: 

  ( )  
    

 
                    ( )  

    

 
 (3-19) 

The advantage of using an interpolation function is to reduce the burden to calculate 

the inverse matrix   in Equation (3-16). In the same manner, by introducing a second order 

interpolation function for the deformation patter, the deformation can be directly express 

following Equation (3-20). A schematic representation of the first order and second order 

interpolation function is shown in Figure 3-6. 

 ( )    ( )     ( )     ( )   (3-20) 
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Figure 3-6 Schematic explanation of interpolation function 

3.4 Natural coordinate 

For an easy understanding, let’s consider the measure of the total weight of the pencil 

shown in Figure 3-7, by using two coordinate scales, x-coordinate and t-coordinate. [4][8][31] 

   

Figure 3-7 Natural coordinate relationship 

The total weight can be express as follows: 

  ∫ ( )  

 

 

 (3-21) 

The relationship between x-coordinate and t-coordinated for the global relationship 

and the local relationship are described in Equations (3-22) and (3-23) respectively: 
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   ( ) (3-22) 

   
  ( )

  
   (3-23) 

Where   ( )   ⁄  represents the first derivative of  ( )  by the variable   , which 

correspond to the slope of  ( ) at  . Substituting Equations (3-22) and (3-23) into (3-21), the 

total weight can be expressed in t-axis as. 

  ∫  ( ( ))

  ( )

  
  

 

 

 (3-24) 

By setting      and   , Equation (3-24) can be written as follows: 

  ∫ ( )  

 

  

  ( )   ( ( ))

  ( )

  
 (3-25) 

3.5 Gaussian quadrature rule 

Considering an integration range [-1,1], the integration can be evaluated 

approximately by n-point Gaussian quadrature rule [4][8][31], which is generally expressed as 

follows: 

∫ ( )  

 

  

    (  )     (  )       (  ) (3-26) 

Where,            are the weighting coefficients. This formula requires a limited 

number of functions values,  (  )  (  )    (  ), at the sampling points,           , to evaluate 

the integration. 

This study will use 3 point Gaussian quadrature rule as is shown in Figure 3-8, and the 

corresponding weighting coefficients are described below: 
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Where: 

   
 

 
           

 

 
           

 

 
        

    √                    √           

 

 

Figure 3-8 3 point Gaussian quadrature rule 

3.6 Isoparametric element 

Considering on dimensional element as is shown in Figure 3-9, the natural coordinate 

in introduced to this element. [4][8][31] 

 

 

Figure 3-9 One dimensional element 

By assuming the linear transfer function  ( ) between x-axis and t-axis,  ( ) can be 

expressed as follows: 

 ( )    ( )     ( )   (3-27) 
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Where: 

  ( )  
 

 
(   )    ( )  

 

 
(   ) (3-28) 

Equations (3-27) and (3-28) satisfies that  (  )     and  ( )    . 

 

 

Figure 3-10 Deformation of one dimensional element 

From Figure 3-10, the deformation of one dimensional element can be obtained by 

using the interpolation functions   ( ) and   ( ) as is shown in Equation (3-29). 

 ( )    ( )     ( )   (3-29) 

The element where both, the coordinate transfer function  ( )  and the deformation 

function  ( ), are expressed using the same interpolation functions on the natural coordinates 

called “Isoparametric element”. 

The advantages of using isoparametric elements are described below: 

(1) The relation  ( )  ∑   ( )  
 
    does not require the calculation of inverse matrix. 

(2) The relation  ( )  ∑   ( )  
 
    enables to use the numerical integration method. 

(3) Both functions  ( ) and  ( ) are expressed using the same interpolation functions. 

3.7 Stiffness matrix for isoparametric element 

Taking into consideration 4-nodes two dimensional isoparametric element (see Figure 

3-11), the coordinate transfer function and the deformation function are expressed using the 

interpolation function as is shown in Equations (3-30) and (3-31) respectively. [4][8][31] 
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Figure 3-11 4-nodes isoparametric element 
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Expressing Equation (3-31) in matrix notation: 

{
 (   )

 (   )
}  6
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   (   )
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  (   )  

   (   )
7
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     (   )                                                               (   )                                                                 

(3-32) 

Stiffness matrix can be obtained from the Principle of Virtual Work Method, which is 

expressed in the following form: 

∫  ̅    

 

  ̅   (3-33) 

Where,  ̅  is the virtual strain vector,   is the stress vector,  ̅  is the virtual 

displacement vector and    is the load vector respectively. In case of the 4 nodes two 

dimensional isoparametric element, the strain vector   is defined as follows: 
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 (3-34) 

Substituting Equation (3-31) into Equation (3-34), the strain vector is calculated as: 
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(3-35) 

In the plane stress problem, the stress-strain relationship is expressed as follows: 

{

  

  

   

}  
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] {
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(3-36) 

Substituting Equation (3-35) into Equation (3-36), 

      (3-37) 

From the Principle of Virtual Work Method: 

∫(  )
 
(   )  

 

  ̅ (∫       

 

)   ̅   (3-38) 
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Therefore, the constitutive equation is obtained as follows: 

       ∫       

 

 (3-39) 

By assuming a constant thickness   of the isoparametric element, 

   ∫         

 (   )

 (3-40) 

The following relationship is also derived from Equation (3-38) 

∫(  )
 
* +  

 

  ̅ (∫   * +  

 

)   ̅   (3-41) 

Therefore, the relationship between stress vector and nodal force is as follows: 

  ∫   * +  

 

 (3-42) 

Since this integration is defined in x-y coordinates, we must transfer the coordinate 

into r-s coordinate to use the numerical integration method. Introducing the Jacobian Matrix,  : 

  [

  

  

  

  
  

  

  

  

] (3-43) 

Now, Equation (3-40) can be expressed in r-s coordinates as follows: 

   ∫ ∫ ( (   )  (   ))
   ( (   )  (   ))
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 (3-44) 

Where: 
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| (3-45) 
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Summarizing the process: 

(1) Evaluation of Jacobian Matrix: 
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 (3-46) 

(2) Evaluation of B matrix: 

From Equation (3-35): 
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Where the derivatives 
   

  
   

   

  
 
   

  
   

   

  
 are calculated as: 

   

  
 

   

  

  

  
 

   

  

  

  
   

   

  
 

   

  

  

  
 

   

  

  

  
   

  
 

   

  

  

  
 

   

  

  

  
   

   

  
 

   

  

  

  
 

   

  

  

  

  

In matrix notation, 
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(3) Evaluation of partial derivatives of the interpolation functions: 
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(4) Numerical integration: 

By using 3 points Gaussian quadrature rule, the stiffness matrix is calculated 

numerically as follows: 

   ∫ ∫ ( (   )  (   ))
   ( (   )  (   ))
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 (3-49) 

Where: 

 (   )   ( (   )  (   ))
   ( (   )  (   ))

 (   )

 (   )

   
 

 
           

 

 
           

 

 
       

       √  ⁄                        √  ⁄        

  

(5) Assemble of finite element: 

The total stiffness matrix can be obtained assembling the stiffness matrix over the area 

of all finite elements. 

  ∑  

 

 (3-50) 

Where   denotes the m-th element. 

3.8 Stress and strain at Gaussian points 

The process to calculate the stress and strain at Gaussian points [4][8][31] is 

summarized below:  

(1) Stress and strain t Gaussian points: 

By using 3-points Gaussian Integration Method in a single 4-nodes isoparametric 

element, there are 9 Gaussian points as is shown in Figure 3-12. 
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Figure 3-12 4-nodes isoparametric element with 9 Gaussian points 

The stress and strain at the Gaussian points, (     ), is obtained from Equation (3-34) 

and Equation (3-36) as follows: 
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 (3-51) 

(2) Principal stress at Gaussian points: 
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 (3-52) 

Case 1:       and       (See Figure 3-13). For this case, the range of arctan is [-π/2, π/2], 

and     is in this range. 

Case 2:       and       (See Figure 3-14). For this case, the range of arctan is [-π/2, π/2], 

and     is in this range. 

Case 3:       and       (See Figure 3-15). For this case, the range of arctan is [-π/2, π/2], 

and     is not in this range. So the angle must be       |      |. 

Case 4:       and       (See Figure 3-16). For this case, the range of arctan is [-π/2, π/2], 

and     is not in this range. So the angle must be     |      |   . 
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Figure 3-13 Case 1:       and       

 

 

Figure 3-14 Case 2:       and       

 

 

Figure 3-15 Case 3:       and       
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Figure 3-16 Case 4:       and       

(3) Displacement at Gaussian points: 

After obtaining the nodal displacement, the displacement at the Gaussian point, (     ), 

is obtained from Equation (3-31) as follows: 

 (     )  ∑  (     )  

 

   

 (     )  ∑  (     )  

 

   }
 
 

 
 

 (3-53) 

3.9 Incompatible element 

In an ideal situation, a beam under a pure bending moment experiences a curved shape 

change. The angle between the curved horizontal dotted line and the straight vertical line 

remains at 90 degree after bending as is shown in Figure 3-17. Therefore, no shear strain occurs 

inside a material. [4][8][31] 

 

Figure 3-17 Beam under pure bending moment 
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To model the ideal shape change, an element should have the ability to assume the 

curved shape. As is shown in Figure 3-18, the second order element with eight nodes enables to 

represent the curved shape. On the contrary, the first order element is not able to bend to curves 

and all dotted lines remain straight and the angle is no longer than 90 degree. To cause the angle 

to change under pure moment, an incorrect artificial shear strain and stress have been introduced. 

Therefore, the strain energy of the element is larger than ideal situation. As we demonstrated in 

the principle of virtual work method, overestimate of strain energy causes overestimate of 

stiffness matrix. This is the reason that the first order element with four nodes becomes overly 

stiff under the bending moment. This problem is called shear locking. 

 

Figure 3-18 First and second order element 

To solve the problem in the first order element, we introduce the new displacement 

shape functions (Equation (3-54)) to add curved displacement modes as is shown in Figure 3-19. 

 (   )  ∑  (   )  

 

   

 (    )   (    )  
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 (3-54) 

 

Figure 3-19 Second order shape function 
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It can avoid over stiff in bending; however there might be incompatibility of 

deformation at the boundary between two elements. Therefore, this element is called 

incompatible element. 

 

Figure 3-20 Incompatible element 

Writing Equation (3-54) in matrix notation: 

 (   )   (   )   (   )  (3-55) 

Where: 
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Stiffness matrix on incompatible element can be obtained from the Principle of Virtual 

Work Method, which is expressed in the following form: 

∫  ̅    

 

  ̅   (3-56) 

Where,  ̅ is a virtual strain vector,   is a stress vector,  ̅ is a virtual displacement 

vector and   is a load vector, respectively. 

Incompatible 

M M 
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The strain vector is calculated from the nodal displacement vector as follows: 
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        (3-57) 

In the plane stress problem, the stress-strain relationship is expressed as: 

{

  

  

   

}  
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} 

                                                   

(3-58) 

Substituting Equation (3-57) into Equation (3-58): 

    (     ) (3-59) 

From the Principle of Virtual Work Method: 

∫(     ̅)
 
 (     )  
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)  

  ̅   (3-60) 

Equation (3-60) can be written in matrix notation form as follows: 
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, ̅  ̅ -  
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Therefore, the equilibrium equation is obtained as : 
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] 0

 
 
1  0

 
 
1 (3-61) 

Where: 
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From Equation (3-61), it is possible to eliminate the incompatible displacement modes 

as follows: 

            

      
       

(3-62) 

Then, the element stiffness matrix is given by: 

     

            
      

(3-63) 

The process is summarized as follows: 

(1) Evaluation of Jacobian matrix: 
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(2) Evaluation of G matrix. From Equation (3-57): 
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Where the derivatives .
   

  
 
   

  
 
   

  
 
   

  
/ are calculated as follows: 
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] (3-66) 

(3) Evaluation of partial derivatives of the interpolation functions: 

   

  
     

   

  
  

   

  
   

   

  
    

} (3-67) 

(4) Numerical integration: 

Using the 3-points Gaussian quadrature rule, the stiffness matrices are calculated 

numerically as follows: 
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Where: 
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Then, the element stiffness matrix is calculated as: 

     

            
      

(3-69) 

(5) Assemble of finite element: 

The total stiffness matrix can be obtained assembling the stiffness matrix over the area 

of all finite elements. 

  ∑  

 

 (3-70) 

Where   denotes the m-th element. 

(6) Strain and stress at Gaussian point: 

Strain at Gaussian points can be obtained from Equations (3-57) and (3-62): 

        (      
     )  (3-71) 

Similarly, stress at Gaussian points can be obtained from: 
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     )  (3-72) 
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CHAPTER 4 :  EXPERIMENTAL TESTS 

In recent years, large scale construction of medium-rise building that use low ductility 

reinforced concrete (LDRC) wall has become commonplace in Peru To improve seismic 

response of reinforced concrete (RC) buildings against earthquakes, two verification tests were 

conducted on LDRC walls, wall with  and without carbon fiber sheet (CFS) as a retrofitting 

method. The first experiment was conducted in 2013 at the Toyohashi University of Technology 

(TUT), Japan on three LDRC walls [13][20][40], the first wall was without CFS reinforcement, 

the second wall was wrapped completely with CFS and the third wall was wrapped with CFS at 

the edges only. A second experiment was conducted in 2014 at TUT on three LDRC walls, 

following the same retrofitted pattern of the first experiment but with a partial retrofitting with 

CFS to a specified height. [21][35] 

From those tests, it was verified that the carbon fiber sheets delay the concrete 

crushing of the wall base that occurs during flexural failure and that deformation capacity was 

improved. Moreover, during the test with the retrofitted walls it was observed that the crushing 

of the concrete produces bulges at the base corners of the wall. Additionally, when the 

maximum strain on the CFS is reached, the carbon fiber sheet over the crushed concrete area 

fails suddenly. 

In order to verify the confinement effect of the carbon fiber sheet used as a retrofitting 

method for concrete, a third experiment was conducted in 2015 at TUT using concrete samples 

with or without CFS subjected under compressive loading (monotonic and cyclic), by changing 

the size, shape and number of CFS layers. [27][35] 

From the third experiment, it was confirmed that deformation performance was 

improved and that strength of the concrete was increased due to the confinement provided by 

the CFS, however the stress-strain relationship of concrete with CFS depends on the shape of 

the concrete sample. 
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4.1 LDRC shear walls retrofitted with full height of CFS 

4.1.1 Design of specimen 

Three LDRC wall specimens were tested. The test specimen characteristics for each 

wall are shown in Table 4-1. The material properties of concrete, reinforcing steel and carbon 

fiber sheet are shown in Table 4-2, Table 4-3 and Table 4-4 respectively. 

Table 4-1 Test specimen characteristics 

Wall WF RWF1 RWF2 

      (mm): 1600 × 1600 

Wall thickness,    (mm): 80 

Vertical reinforcement at 

boundary ends: 
3-D13 

Wall mesh reinforcement: D6@150, single (        ) 

Retrofitting Mode (mm): Non-retrofitted 
Over wall span 

L = 1600 

Both boundary ends  

L = 400/side 

 

Table 4-2 Concrete material properties 

Specimen 
   

(N/mm
2
) 

   
(N/mm

2
) 

    
(%) 

   
(N/mm

2
) 

Age 

(days) 

WF 33.5 26800 0.228 3.0 54 

RWF1 35.2 26400 0.256 2.9 62 

RWF2 29.8 27200 0.215 2.9 67 
  : Compressive strength,   : Modulus of elasticity 

   : Strain at compressive strength,   : Tensile strength by split cylinder test 

 

Table 4-3 Reinforcing steel material properties 

Name 

(Property) 

   

(N/mm
2
) 

   
(N/mm

2
) 

   
(N/mm

2
) 

Usage 

D6 

(SD295A) 
359 474 174600 

Wall mesh  

reinforcement 

D13 

(SD295A) 
355 516 182100 

Vertical reinforcement 

at boundary ends 
  : Yielding strength,   : Ultimate tensile strength,    Modulus of elasticity 

 

Table 4-4 CFS material properties 

Fiber weight: 300 g/m
3
 

Sheet thickness: 0.167 mm 

Density: 1.80 g/m
3
 

Tensile strength: 3.4 kN/mm
2
 

Modulus of elasticity: 230 kN/mm
2
 

Rupture strain: 1.478 % 

Width: 330 mm 
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Figure 4-1 shows the arrangement of the reinforcing steel bars for all the specimens 

tested. WF corresponds to the wall without CFS, RWF1 corresponds to the wall retrofitted with 

CFS by wrapping the entire wall span and RWF2 corresponds to the wall retrofitted with CFS 

by wrapping both lateral ends of the wall as is shown in Figure 4-2. 

 

Figure 4-1 Reinforcing bar arrangement 

       

 

Figure 4-2 Test specimens 

CFS
200 200

CFS
400

325 Bolt

Steel plate

（Unit：mm）
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To attach the CFS, the corners of the walls were chamfered to a diameter of 24mm, 

epoxy resin was first applied to the wall surface, the CFS was then attached while maintaining 

tension manually and with a roller, and then epoxy resin was further applied on top with a roller 

to impregnate the CFS. Moreover, the top and bottom sheets were overlapped by 12.5mm each. 

For specimen RWF2, the CFS was fixed by steel plates (PL-4.5) and threaded bolts (M10) as 

shown in Figure 4-2. The threaded bolts were installed into drilled hole after concrete casting 

and threaded bolts were tightened without management of tightening torque of bolts. 

4.1.2 Outline of loading test 

A description of the loading device is presented in Figure 4-3. A horizontal lateral 

force applied in cycles over the positive and negative directions was used for the loading. Also, 

a constant axial load of 343kN (Equation (4-1)) was applied at the top of the specimen using a 

couple of vertical hydraulic jacks. Where, used Fc of compressive strength of concrete was 33.5 

N/mm
2
 in this calculation. 

             (4-1) 

Additional moment was applied at the top of the specimen by controlling these 

vertical jacks to correspond to the acting shear force, such that the shear span ratio was 1.5, 

using the following equations. 

   
 

 
 

 

 
(    ) 

 

   
 

 
 

 

 
(    ) 

(4-2) 

Where,   : axial force of east side jack,   : axial force of west side jack,  : constant 

axial force,  : lateral load,  : distance between two vertical jacks,   : assumed height of applied 

lateral load, and  : actual height of applied lateral load. 

In the experiment, the horizontal displacement δ measured at the top stub, divided by 

the height of the measurement point h (1985 mm),  was controlled through the drift angle of the 

member R = δ / h. The loading cycle started with one cycle of R = 1/800 rad, and then two 

cycles each of R = 1/400, 1/200, 1/133, 1/100, 1/67, 1/50 and 1/33 rad, as is shown in Table 4-5. 
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Figure 4-3 Loading apparatus 

Table 4-5 Loading pattern 

R 
R 

(%) 
  

(mm) 

Number 

of cycles 

1/800 0.125 2.48 1 

1/400 0.25 4.96 2 

1/200 0.5 9.93 2 

1/133 0.75 14.93 2 

1/100 1.0 19.85 2 

1/67 1.5 29.63 2 

1/50 2.0 39.70 2 

1/33 3.0 60.15 2 

4.1.3 Measuring method  

In the tests, the horizontal displacement was measured at the top of the wall and along 

with the boundary ends of wall. The vertical deformation was measured along the boundary 

ends of the wall and over the wall base. The diagonal deformation was measured from the top 

corner to the opposite bottom corner of the wall. Horizontal, vertical and diagonal deformation 

was measured using displacement transducers as is shown in Figure 4-4. Figure 4-5 shows the 

strain gauges distribution of the longitudinal and horizontal reinforcing steel bars of the wall. 

Besides, CFS was measured using strain gauges, the strain gauges setup on the CFS is shown in 

Figure 4-6. Additionally, the widths of cracks were measured using a crack scale at each loading 

cycle. 

 

Hydraulic jack 2000 kN

Hydraulic jack
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Load
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1
9
8
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Figure 4-4 Horizontal, vertical and diagonal displacement transducers setup 

  

Figure 4-5 Strain gauges setup – Reinforcing steel bars 

 

Figure 4-6 Strain gauges setup - CFS 
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4.1.4 Test result  

The relationship between lateral load (Shear force) and drift angle for each specimen 

is shown in Figure 4-7. 

 

 

 

 

Figure 4-7 Lateral load and drift angle relationship 
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From experimental hysteretic curves of the three LDRC walls (WF, RWF1, and 

RWF2); the envelope curve (skeleton curve) for each specimen was found as is shown in Figure 

4-8. Moreover, Figure 4-9 shows the comparison between the envelope curves of the tested 

walls. 

 

 

 

Figure 4-8 Experimental envelope curves 
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By comparing the envelope curves of the tested walls, it can be observed that the 

maximum strength remains about the same level, but most importantly, deformation capacity 

got improved, in both retrofitted walls, RWF1 and RWF2, in comparison with the non-

retrofitted wall WF. Also it can be appreciated that wall RWF2 got larger deformation capacity 

than the wall RWF1, this could be explained due to the different retrofitted method, were RWF2, 

was retrofitted at the ends of the wall while RWF1 was retrofitted by wrapping the CFS over the 

entire span; both with full height of the wall retrofitted. 

 

Figure 4-9 Comparison of experimental envelope curves 

For specimen WF, shear cracks appeared at the same cycle that the vertical wall 

reinforcement yielded under the R=1/800 rad cycle, while the horizontal wall reinforcement and 

the vertical reinforcement at boundary ends yielded under the R=1/400 rad cycle. Afterwards, 

maximum capacity was reached at the R=1/133 rad cycle. Large concrete spalling at the lower 

part of the wall occurred under R=1/67 rad cycle. At which point the axial load could not be 

sustained and the loading was terminated. (See Figure 4-10) 

  

Figure 4-10 Failure of specimen WF 
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For specimen RWF1, the vertical wall reinforcement yielded under the R=1/800 rad 

cycle while the vertical reinforcement at boundary ends yielded under the R=1/400 rad cycle, 

similar to specimen WF. The horizontal wall reinforcement were found to yield at the R=1/200 

rad cycle. Afterwards, maximum capacity was reached at the R=1/67 rad cycle; at the R=1/50 

rad cycle, concrete swelling at the wall base grew until swelling occurred at the center of the 

lower part of the wall as well. (See Figure 4-11) 

  

Figure 4-11 Failure of specimen RWF1 

For specimen RWF2, the vertical wall reinforcement yielded under the R=1/800 rad 

cycle while the horizontal wall reinforcement and the vertical reinforcement at boundary ends 

yielded under the R=1/400 rad cycle, similar to specimen WF. Afterwards, maximum capacity 

was reached at the R=1/67 rad cycle; large concrete spalling at the base occurred during the 

R=1/33 rad cycle. And then, right after starting with the R=1/25 rad cycle, the axial load could 

not be sustained and loading was terminated. Looking at the condition at the base during 

R=1/50 rad, it was found that the swelling was not as much as that of specimen RWF1. (See 

Figure 4-12) 

  

Figure 4-12 Failure of specimen RWF2 
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4.2 LDRC shear walls retrofitted with partial height of CFS 

4.2.1 Design of specimen 

Three LDRC wall specimens were tested. The test specimen characteristics for each 

wall are shown in Table 4-6. The material properties of concrete, reinforcing steel and carbon 

fiber sheet are shown in Table 4-7, Table 4-8 and Table 4-9 respectively. 

Table 4-6 Test specimens characteristics 

Wall WD RWD1 RWD2 

      (mm): 1600 × 1600 

Wall thickness,    (mm): 80 

Vertical reinforcement at 

boundary ends: 
6-D10 

Hoop at boundary ends: D4@120 

Wall mesh reinforcement: D4@120, double (        ) 

Retrofitting Mode (mm): Non-retrofitted 
Over wall span 

L = 1600 

Both boundary ends  

L = 400/side 

 

Table 4-7 Concrete material properties 

Specimen 
   

(N/mm
2
) 

   
(N/mm

2
) 

    
(%) 

   
(N/mm

2
) 

Age 

(days) 

WD 26.7 23700 0.220 2.7 37 

RWD1 26.5 23000 0.225 2.5 42 

RWD2 28.3 23800 0.250 3.0 53 
  : Compressive strength,   : Modulus of elasticity 

   : Strain at compressive strength,   : Tensile strength by split cylinder test 

 

Table 4-8 Reinforcing steel material properties 

Name 

(Property) 

   

(N/mm
2
) 

   
(N/mm

2
) 

   
(N/mm

2
) 

Usage 

D4 365 524 186000 
Wall mesh and hoop 

reinforcement 

D10 371 508 182000 
Vertical reinforcement 

at boundary ends 

  : Yielding strength,   : Ultimate tensile strength,    Modulus of elasticity 

 

Table 4-9 CFS material properties 

Fiber weight: 300 g/m
3
 

Sheet thickness: 0.167 mm 

Density: 1.80 g/m
3
 

Tensile strength: 3.4 kN/mm
2
 

Modulus of elasticity: 230 kN/mm
2
 

Rupture strain: 1.478 % 

Width: 330 mm 
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Figure 4-13 shows the arrangement of the reinforcing steel bars for all the specimens 

tested. WD corresponds to the wall without CFS, RWD1 corresponds to the wall retrofitted with 

CFS by wrapping the entire wall span and RWD2 corresponds to the wall retrofitted with CFS 

by wrapping both lateral ends of the wall as is shown in Figure 4-14. Both RWD1 and RWD2 

were retrofitted partially in height with 650mm from the bottom of the wall. 

 

 

Figure 4-13 Reinforcing bar arrangement 

       

 

Figure 4-14 Test specimens 
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To attach the CFS, the corners of the walls were chamfered to a diameter of 13mm, 

epoxy resin was first applied to the wall surface, the CFS was then attached while maintaining 

tension manually and with a roller, and then epoxy resin was further applied on top with a roller 

to impregnate the CFS. Moreover, the top and bottom sheets were overlapped by 10 mm each. 

For specimen RWD2, the CFS was fixed by steel plates (PL-4.5) and threaded bolts (M10) as 

shown in Figure 4-14. The threaded bolts were installed into drilled hole after concrete casting 

and threaded bolts were tightened without management of tightening torque of bolts. 

4.2.2 Outline of loading test 

A description of the loading device is presented in Figure 4-3. A horizontal lateral 

force applied in cycles over the positive and negative directions was used for the loading. Also, 

a constant axial load of 273kN (Equation (4-1)) was applied at the top of the specimen using a 

couple of vertical hydraulic jacks. Where, used Fc of compressive strength of concrete was 26.7 

N/mm
2
 in this calculation. 

             (4-3) 

Additional moment was applied at the top of the specimen by controlling these 

vertical jacks to correspond to the acting shear force, such that the shear span ratio was 1.5, 

using Equation (4-2). 

   
 

 
 

 

 
(    ) 

 

   
 

 
 

 

 
(    ) 

(4-4) 

In the experiment, the horizontal displacement δ measured at the top stub, divided by 

the height of the measurement point h (1985 mm),  was controlled through the drift angle of the 

member R = δ / h. The loading cycle started with one cycle of R = 1/800 rad, and then two 

cycles each of R = 1/400, 1/200, 1/133, 1/100, 1/67, 1/50 and 1/33 rad, as is shown in Table 4-5. 
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Figure 4-15 Loading apparatus 

Table 4-10 Loading pattern 

R 
R 

(%) 
  

(mm) 

Number 

of cycles 

1/800 0.125 2.48 1 

1/400 0.25 4.96 2 

1/200 0.5 9.93 2 

1/133 0.75 14.93 2 

1/100 1.0 19.85 2 

1/67 1.5 29.63 2 

1/50 2.0 39.70 2 

1/33 3.0 60.15 2 

4.2.3 Measuring method 

In the tests, the horizontal displacement was measured at the top of the wall and along 

with the boundary ends of wall. The vertical deformation was measured along the boundary 

ends of the wall and over the wall base. The diagonal deformation was measured from the top 

corner to the opposite bottom corner of the wall. Horizontal, vertical and diagonal deformation 

was measured using displacement transducers as is shown in Figure 4-16. Figure 4-17 shows the 

strain gauges distribution of the longitudinal and horizontal reinforcing steel bars of the wall. 

Besides, CFS was measured using strain gauges, the strain gauges setup on the CFS is shown in 

Figure 4-18. Additionally, the widths of cracks were measured using a crack scale at each 

loading cycle. 
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Figure 4-16 Horizontal, vertical and diagonal displacement transducers setup 

 

Figure 4-17 Strain gauges setup – Reinforcing steel bars 

 

Figure 4-18 Strain gauges setup – CFS 
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4.2.4 Test result 

The relationship between lateral load and drift angle for each specimen is shown in 

Figure 4-19. 

 

 

 

 

Figure 4-19 Lateral load and drift angle relationship 
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From experimental hysteretic curves of the three LDRC walls (WF, RWF1, and 

RWF2); the envelope curve (skeleton curve) for each specimen was found as is shown in Figure 

4-20. Moreover, Figure 4-21 shows the comparison between the envelope curves of the tested 

walls. 

   

 

 

Figure 4-20 Experimental envelope curves 
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By comparing the envelope curves of the tested walls, it can be observed that the 

maximum strength remains about the same level, but most importantly, deformation capacity 

got improved, in both retrofitted walls, RWD1 and RWD2, in comparison with the non-

retrofitted wall WD. Also it can be appreciated that wall RWD2 got larger deformation capacity 

than the wall RWD1, this could be explained due to the different retrofitted method, were 

RWD2, was retrofitted at the ends of the wall while RWD1 was retrofitted by wrapping the CFS 

over the entire span; both with partial height of the wall retrofitted. 

 

Figure 4-21 Comparison of experimental envelope curves 

For specimen WD, flexural crack and flexural shear cracks appeared at the same cycle 

that the vertical wall reinforcement yielded under the R = 1/800 rad cycle, while the vertical 

reinforcement at boundary ends yielded under the R = 1/400 rad cycle. Afterwards, maximum 

capacity was reached at the R = 1/133 rad cycle. Concrete spalling at the lower part of the wall 

occurred under the second R = 1/100 rad cycle. Compression failure of concrete at the lower 

part of the wall occurred together with steep capacity deterioration under the R = 1/67 rad cycle, 

and buckling of vertical reinforcement at the boundary end was observed. (See Figure 4-22) 

  

Figure 4-22 Failure of specimen WD 
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For specimen RWD1, flexural crack and flexural shear cracks appeared at the same 

cycle that the vertical wall reinforcement yielded under the R = 1/800 rad cycle, while the 

vertical reinforcement at boundary ends yielded under the R = 1/400 rad cycle, similar to 

specimen WD. Maximum capacity was reached at the R = 1/67 rad cycle, the boundary end 

wrapped CFS began to swell. In subsequent loading cycles, concrete swelling at the wall base 

grew until swelling occurred at the center of the lower part of the wall as well with capacity 

deterioration. Fracture of CFS occurred under the R =1/33 rad cycle. (See Figure 4-23) 

  

Figure 4-23 Failure of specimen RWD1 

For specimen RWD2, flexural crack and flexural shear cracks appeared under the R = 

1/800 rad cycle, and the vertical wall reinforcement and the vertical reinforcement at boundary 

ends yielded under the R = 1/400 rad cycle. Maximum capacity was reached at the R = 1/100 

rad cycle. The boundary end wrapped CFS began to swell at the same cycle, afterwards, 

concrete swelling at the wall base grew and capacity decreased with progress of loading cycle. 

Fracture of CFS occurred under the R =1/33 rad cycle. (See Figure 4-24) 

  

Figure 4-24 Failure of specimen RWD2 
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4.3 Confinement effect of concrete with carbon fiber sheet reinforcement 

From the previous tests it was verified that the carbon fiber sheets delay the concrete 

crushing of the wall base that occurs during the flexural failure and that deformation capacity 

was improved. Moreover, during the test with the retrofitted walls (with full height and partial 

height retrofitting) it was observed that the crushing of the concrete produces bulges at the base 

corners of the wall. Additionally, when the maximum strain on the CFS is reached, the carbon 

fiber sheet over the crushed concrete area fails suddenly. 

In order to verify the confinement effect of the carbon fiber sheet that covers the 

concrete, a third experiment was conducted in 2015 at TUT using concrete samples with or 

without CFS subjected under compressive loading (monotonic and cyclic), by changing the size, 

shape and amount of CFS layers. Characteristics of the specimens were decided following Lam 

and Teng’s research [16][17] and Nakatsuka’s research. [23] 

4.3.1 Design of specimen 

In total, 39 concrete samples were tested under compressive loading (monotonic and 

cyclic). The specimens have three kinds of cross section shapes: circular (C), square (S) and 

rectangular (R); the ratio of each specimen corresponds to the ratio of  (  ⁄ )(  ⁄ )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  , where  , 

  and   are the thickness, width and height of the specimen respectively. Table 4-11 shows the 

dimensions and quantities of each specimen. 

Table 4-11 Dimension of the specimens 

Shape Ratio 
  

(mm) 
  

(mm) 
  

(mm) 
Quantity 

C 2 ϕ 150 300 8 

S 12 
150 150 

300 9 

S 13 450 2 

R 22 
150 300 

300 4 

R 23 450 2 

R 32 
100 300 

200 5 

R 33 300 2 

R 42 
100 400 

200 5 

R 43 300 2 

29 specimens were retrofitted using carbon fiber sheet wrapped over the lateral surface 

of the specimen by using chemical epoxy. Table 4-12 shows the materials properties of the 

different carbon fiber sheet used to retrofit the concrete samples. Where    is the density per 

unit of area of CFS, t is the thickness of CFS,    is the young modulus of CFS,     is the 

ultimate tensile strength of CFS and    , is the ultimate tensile strain of CFS. 
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Table 4-12 Material properties of CFS with glue 

CFS 
   

(g/m
2
) 

  
(mm) 

   

(MPa) 

    

(MPa) 

    

(%) 

1 200 0.111 249000 4283 1.72 

2 300 0.167 249000 4681 1.88 

3 300 0.163 444000 3241 0.73 

All square and rectangular specimens has a chamfer radius, which is the radius at 

rounded corners,       , except for 4 specimens with       . Besides, one circular 

and one square shaped specimen where retrofitted using a CFS with higher young modulus 

(CFS-3). Finally, 2 specimens where retrofitted by fixing the CFS with steel plates and bolts. 

Each specimen was allocated a code which represents the geometry of the specimen, 

type of CFS and special conditions. (See Figure 4-25) 

 
(*)

 No character means monotonic test 
(**)

 R is the chamfer radius of the specimen for other cases R = 15mm 

Figure 4-25 Specimen code 

4.3.2 Outline of loading test 

Two types of test where conducted: 

 Monotonic test, where the specimen is under compressive loading until failure. 

 Static reversal loading (Cyclic Test), where the specimen is under cyclic loading until 

failure. Once the target strain is reached, the unloading stage starts until zero stress, 

and then the reloading continues to the next target strain. (See Figure 4-26) 

XY – WZ  Specimen code 

 

Special considerations
 (*)

 

 C : Static reversal loading 

 R : R = 30mm
(**)

 

 E : CFS-3 is used instead of CFS-2 

 B : CFS is fixed with bolts 

Amount and type CFS reinforcement 

 0 : Concrete only 

 2 : 1 Layer of CFS-1 (200g/m
2
) 

 3 : 1 Layer of CFS-2 (300g/m
2
) 

 4 : 2 Layer of CFS-1 (200g/m
2
) 

 6 : 2 Layer of CFS-2 (300g/m
2
) 

Specimen ratio 

Specimen shape 
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Figure 4-27 shows the compression loading machine used for the experiment with a 

maximum compression loading of 2000kN. Table 4-13 shows the type of loading for each 

specimen and condition. 

 

Figure 4-26 Loading pattern for cyclic test 

 

Figure 4-27 Compression loading machine 

Table 4-13 Loading tests 

XY 
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0 0C 2 3 3C 3R 3E 3B 4 6 
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S13 ○   ○       
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4.3.3 Measuring method 

The vertical displacement of the concrete along the compressive direction was 

measured using displacement transducers for all the specimens, as is shown in Figure 4-28. In 

the case of the retrofitted specimens with CFS, the horizontal strain of the CFS was measured 

using strain gauges. Specimens with CFS and strain gauges are shown in Figure 4-29. 

 

Figure 4-28 Arrangement of measuring devices (unit: mm) 

 

Figure 4-29 Specimens with and without strange gauges 

4.3.4 Test results 

4.3.4.1 Circular shaped 

The circular shaped specimen C2 is 150mm in diameter and 300mm in height. Figure 

4-30 shows the experimental curves for specimens C2 under monotonic loading. The maximum 

strength of the concrete,   
 , without CFS (C2-0) is 36.03MPa, the strain corresponding to the 

maximum strength,    , is 0.0024. Table 4-14 shows the maximum strength and maximum 

strain for each specimen C2 under monotonic and cyclic loading.  
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Figure 4-30 Stress-strain relationship of concrete – C2 under monotonic loading 

Figure 4-31 corresponds to the specimens C2 under cyclic loading, specimen C2-0C 

(concrete only) and specimen C2-3C (concrete with CFS confinement). Both, Figure 4-30 and 

Figure 4-31 shows the increment in strength and the increment of deformation capacity due to 

CFS confinement on the concrete samples. 

Table 4-14 Maximum strength and strain for circular shaped specimens 

Specimen 
Maximum Strength 

(MPa) 

Strain at Maximum 

Strength (%) 

Maximum Strain 

(%) 

C2-0 36.03 0.24 1.54 

C2-0C 35.56 0.23 1.19 

C2-2 42.96 1.01 1.01 

C2-3 53.73 1.44 1.44 

C2-3C 55.70 1.94 1.94 

C2-3E 43.87 0.50 0.50 

C2-4 74.11 2.38 2.38 

C2-6 88.12 2.87 2.87 

Figure 4-32 shows specimens C2-0 and C2-0C (concrete only) corresponding to the 

monotonic curve and cyclic curve respectively; the monotonic curve follows the shape of the 

envelope of the cyclic curve. In the same way, Figure 4-33 shows the good match between 

specimens C2-3 and C2-3C corresponding to the monotonic curve and cyclic curve respectively 

for specimens retrofitted with CFS. 
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Figure 4-31 Stress-strain relationship of concrete – C2 under cyclic loading 

 

Figure 4-32 Comparison between monotonic and cyclic curve – C2 without CFS 

 

Figure 4-33 Comparison between monotonic and cyclic curve – C2 with CFS 
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shows the failure sequence: (a) shows the state of the specimen before reaching the maximum 

strength, (b) shows the state of the specimen when the maximum strength is reached; after this, 

the strength drops suddenly (c) shows the remaining core of concrete and (d) shows the state of 

the specimen after the crushing of concrete. 

    

Figure 4-34 Failure mode of circular shaped specimens 

4.3.4.2 Square shaped 

The square shaped specimen has a cross section of 150mm x 150mm and heights of 

300mm and 450mm for S12 and S13 respectively. Figure 4-35 shows the experimental curves 

for specimens S12 and S13 under monotonic loading. Both, specimens S12 and S13 show a 

discrepancy in terms of the maximum strength of the concrete between the non-retrofitted 

sample and the sample retrofitted with CFS; where specimens with CFS have a higher 

maximum strength than the non-retrofitted specimen. Besides, specimens retrofitted with CFS 

shows an increment of the deformation capacity due to the CFS confinement. Table 4-15 shows 

the maximum strength and maximum strain for each specimen, S12 and S13, under monotonic 

and cyclic loading. 

 

Figure 4-35 Stress-strain relationship of concrete – S12 and S13 under monotonic loading 
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Table 4-15 Maximum strength and strain for square shaped specimens 

Specimen 
Maximum Strength 

(MPa) 

Strain at Maximum 

Strength (%) 

Maximum Strain 

(%) 

S12-0 33.34 0.26 1.58 

S12-0C 38.46 0.27 1.16 

S12-2 42.21 0.38 1.06 

S12-3 43.83 0.38 1.35 

S12-3C 39.55 0.42 2.55 

S12-3R 43.93 0.50 1.44 

S12-3E 43.62 0.43 0.73 

S12-4 41.89 0.50 1.79 

S12-6 45.55 0.42 2.45 

S13-0 38.20 0.24 0.50 

S13-3 41.46 0.30 1.44 

Figure 4-36 corresponds to the specimens S12 under cyclic loading, specimen S12-0C 

(concrete only) and specimen S12-3C retrofitted with CFS. The contribution of the CFS 

confinement can be observed by increasing the maximum strain, but not the maximum strength, 

which remains about the same. 

Figure 4-37 shows a slight discrepancy in terms of the maximum strength between the 

monotonic curve (S12-0) and the cyclic curve (S12-0C), where specimen S12-0 has a lower 

strength than specimen S12-0C. This occurs because of the relocation of the head of the 

compression machine over the top of the specimen during the monotonic compression test. On 

the other hand, Figure 4-38 shows the comparison between the monotonic curve (Specimen 

S12-3) and the cyclic curve (Specimen S12-3C), where specimen S12-3 has a greater strength 

than specimen S12-3C. 

 

Figure 4-36 Stress-strain relationship of concrete – S12 under cyclic loading 
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Figure 4-37 Comparison between monotonic and cyclic curve – S12 without CFS 

 

Figure 4-38 Comparison between monotonic and cyclic curve – S12 with CFS 

In the failure mode with the square shaped specimens (S12 and S13) retrofitted with 

CFS, a two-step failure occurs; due to the stress on the CFS concentrated at the rounded corners 

of the specimen. Figure 4-39 shows the failure sequence: (a) shows the state of the specimen 

before reaching the maximum strength, (b) shows the state of the specimen after the maximum 

strength is reached, the strength decreases and the strain deformation capacity is improved, (c) 

shows the state of the specimen when CFS fails first at one corner releasing partially the 

confinement provided by CFS and (d) shows the state of the specimen when the CFS fails at the 

opposite corner. This study will consider the stress-strain relationship until the first CFS failure. 
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Figure 4-39 Failure mode of square shaped specimens 

4.3.4.3 Rectangular shaped 

Figure 4-40, Figure 4-41 and Figure 4-42 corresponds to the experimental curve for 

specimens R22 & R23, R32 & R33 and R42 & R43 under monotonic loading. Table 4-16 shows 

the maximum strength and maximum strain for each rectangular specimen under monotonic 

loading. 

Table 4-16 Maximum strength and strain for rectangular shaped specimens 

Specimen 
Maximum Strength 

(MPa) 

Strain at Maximum 

Strength (%) 

Maximum Strain 

(%) 

R22-0 37.74 0.33 0.45 

R22-2 36.61 0.38 0.72 

R22.3 36.85 0.42 0.63 

R22-3R 37.87 0.42 1.68 

R23-0 30.02 0.23 0.33 

R23-3 36.71 0.40 1.09 

R32-0 42.34 0.32 0.41 

R32-2 39.80 0.34 4.83 

R32-3 39.01 0.54 2.34 

R32-3R 49.93 0.68 3.22 

R32-B 40.90 0.38 2.32 

R33-0 39.10 0.27 0.34 

R33-3 39.87 0.32 0.32 

R42-0 43.47 0.33 0.39 

R42-2 40.05 0.38 1.94 

R42-3 38.59 0.51 0.58 

R42-3R 46.01 0.58 2.55 

R42-3B 40.68 0.37 2.64 

R43-0 35.89 0.27 0.34 

R43-3 32.60 0.39 1.87 

(a) (b) (c) (d) 
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The failure mode of rectangular shaped specimens (R22, R23, R32, R33, R42 and 

R43) retrofitted with CFS occurs in a similar way to the square shaped specimens. 

Figure 4-40 show a discrepancy in terms of the maximum strength of the concrete 

between the non-retrofitted sample and the sample retrofitted with CFS; where specimens with 

CFS have a higher maximum strength than the non-retrofitted specimen. Besides, retrofitted 

specimens with CFS show an increment of the deformation capacity. 

Specimens R22 and R33, in Figure 4-40 and Figure 4-41 respectively, shows a 

relatively close maximum strength in all of the specimens. However, specimens R23, R32, R42 

and R43 in Figure 4-40, Figure 4-41 and Figure 4-42, show a discrepancy in terms of the 

maximum strength. 

 

Figure 4-40 Stress-strain relationship of concrete – R22 and R23 under monotonic loading 

 

Figure 4-41 Stress-strain relationship of concrete – R32 and R33 under monotonic loading 
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Figure 4-42 Stress-strain relationship of concrete – R42 and R43 under monotonic loading 

4.3.5 Analysis of the test results 

From the test result, the effect of the parameters such as the shape effect, the amount 

of CFS, the chamfer radius, the Young Modulus of the CFS and the usage of bolts for fixing the 

CFS is studied in this research. 

Figure 4-43 shows the effect of the amount of CFS used to confine the concrete 

samples, specimens C2 has an important contribution in terms of maximum stress, strain at 

maximum stress and maximum strain, while for square and rectangular shaped specimens, the 

maximum stress and strain at maximum stress remains at about the same values with a slight 

discrepancy. Specimens C2, S12, S13, R23, R32, R42 and R43 show an increment of the 

maximum strain according to the amount of CFS. The clear contribution of CFS on circular 

shaped specimens in terms of maximum stress, strain at maximum stress and maximum strain, 

occurs because the stress over the CFS tend to be uniform in case of circular shaped specimens 

unlike square and rectangular shaped specimens where the stress over the CFS is concentrated at 

the rounded corners. 

 

Figure 4-43 Effect of the amount of CFS 
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Figure 4-44 shows the effect of the radius R at the rounded corners of the square and 

rectangular shaped specimens tested, by comparing specimens with R=30mm and R=15mm, it 

can be observed that a larger radius helps to increase the maximum stress, the strain at 

maximum strain and the maximum strain. This occurs because the stress of CFS at the rounded 

corners of specimens of R=30mm has improved stress distribution in comparison with 

specimens of R=15mm. 

 

Figure 4-44 Effect of the chamfer radius 

Figure 4-45 shows the effect of the Young Modulus of CFS-2 (249000MPa) and CFS-

3 (444000MPa) and its corresponding ultimate strain 1.88% and 0.73% respectively, where it 

displays an important contribution in terms of the maximum strain. This can be explained 

because CFS-2 has a larger ultimate strain than CFS-3. Therefore, CFS-3 has a brittle behaviour 

in comparison with CFS-2. For circular shaped specimen, the Young Modulus of CFS-2 shows 

an improved maximum strength and an improved strain at maximum stress, while for square 

shaped specimen remains about the same values. 

 

Figure 4-45 Effect of the Young Modulus of CFS 

Figure 4-46 shows the effect of using bolts to fix the CFS to the rectangular specimens. 

It can be seen that the maximum stress remains about the same in both cases; the strain at 

maximum stress is improved without bolts, however the maximum strain is improved when 

bolts are used in specimen R42, this may happen because of the axial contribution of the steel 

plates attached to the specimens for fixing the bolts during the last stage of the test. 
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Figure 4-46 Effect of the CFS fixed with bolts 
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CHAPTER 5 :  MONOTONIC STRESS-STRAIN RELATIONSHIP OF     

CONCRETE WITH CFS CONFINEMENT 

To study the stress-strain relationship of the concrete retrofitted with CFS under 

monotonic loading, two stress-strain models were reviewed: 

Lam and Teng [16][17] proposed a stress-strain relationship to model CFS confined 

concrete for circular and rectangular shaped specimens. This model consider an envelope curve 

with two parts, first part correspond to a parabolic function until a transition point from which 

the second part starts following a linear function until the rupture point. 

Nakatsuka [23] proposed a stress-strain relationship to model CFS confined concrete 

for circular and square shapes. This model considers an envelope with three parts, first part 

corresponds to n-grade function, second and third parts follow a linear function. 

From the third experiment shown in Section 3.3.4, circular and square shaped 

specimens subjected under monotonic loading (6 circular shaped specimens and 9 square 

shaped specimens) are chosen to conduct the comparison between both, Lam and Teng’s model 

and Nakatsuka’s model [28]. Table 5-1 shows the dimension of the circular and square shaped 

specimens and the amount of CFS used. 

Table 5-1 Dimension and amount of CFS 

Specimen 
b 

(mm) 

d 

(mm) 

h 

(mm) 

pf 

(%) 

C2-0 

150 300 

- 

C2-2 0.148 

C2-3 0.223 

C2-3E 0.217 

C2-4 0.296 

C2-6 0.445 

S12-0 

150 150 300 

- 

S12-2 0.148 

S12-3 0.223 

S12-3E 0.217 

S12-4 0.296 

S12-6 0.445 

S13-0 
150 150 450 

- 

S13-3 0.223 
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5.1 Lam and Teng’s model 

Figure 5-1 shows the monotonic stress-strain relationship for concrete with CFS 

confinement proposed by Lam & Teng [16][17] and reviewed by Benzaid et al. [5], which 

consists of a parabolic portion following Equation (5-1) and a linear portion following Equation 

(5-2). 

 

Figure 5-1 Lam and Teng’s stress-strain model 
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From the above equations,    and    are defined by Equations (5-3) and (5-4) 
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Where: 

   
 : Compressive strength of unconfined concrete. 

  : Elastic modulus of unconfined concrete. 

  : Slope of linear portion of the envelope. 

   
 : Compressive strength of CFS confined concrete. 

   : Ultimate strain of CFS confined concrete. 

  : The strain at the transition point. 
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The compressive strength and ultimate axial strain of concrete confined by CFS are 

defined by Equation (5-5) and (5-6) respectively. 

   
 

   
       

  
   

  (5-5) 

   

   
        

  
   

 (
      

   
) (5-6) 

   
           

 
 (5-7) 

Where: 

   : Axial strain at the compressive strength of unconfined concrete and is 

assumed a constant value of 0.002. 

      : CFS hoop rupture strain. 

  : Lateral confining pressure provided by CFS jacket at hoop rupture 

failure. Equation (5-7) 

    : Elastic modulus of CFS. 

 : Thickness of CFS jacket. 

 : Radius of the confined concrete core. 

5.2 Nakatsuka’s model 

Figure 5-2 shows the monotonic stress-strain relationship for concrete with CFS 

confinement proposed by Nakatsuka [23], which consists of an n-degree function, linear 

function with slope     and a linear function with slope     following Equations (5-8), (5-9) 

and (5-10) respectively. 

 

Figure 5-2 Nakatsuka’s stress-strain model 
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           (
  

  
  )                      (5-9) 

           (
  

  
  )       (

  

  
  )                      (5-10) 

Where: 

  ,

 (     )

  
   

  

(     )
                        

    

       
  

And B, T, R points and the two slopes are defined as follows: 

Stress at B :   

  
       

       

  
 (5-11) 

Strain at B :   
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Strain at T :   
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Strain at R :   

  
 (         )  (         )   

    

  
  (5-15) 

First Slope :    
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Second Slope :    
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Coefficients : 
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Where: 

    : Slope of the concrete after reaching the maximum strength.  

  : Compressive strength of the unconfined concrete. 

  : Strain at    for unconfined concrete. 

  : Ratio of CFS. 

  : Young Modulus of CFS. 

   : Rupture strain of CFS. 
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5.3 Comparison between studied models and experimental results 

From Figure 5-3, the comparison between Lam and Teng’s model, Nakatsuka’s model 

and the experimental results for circular shaped specimens, it can be observed that both models 

give a good approach in case of circular shaped specimens. This kind of specimens has an 

incremental stress in strain until failure, for this reason Lam and Teng’s model can approach the 

envelope by using one slope after the transition point. Although Nakatsuka’s model used two 

slopes to model the envelope after B-point, also gives a good approach. Both models give an 

ultimate point larger than the real one from experimental results, besides due to Lam and Teng’s 

model shows a slight over strength, Nakatsuka’s model is chosen to be modified. 

 

Figure 5-3 Theoretical models vs. experimental test – Circular shaped 

Monotonic curves of concrete with CFS confinement 
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From Figure 5-4, the comparison between Lam and Teng’s model, Nakatsuka’s model 

and the experimental results for square shaped specimens, it can be observed that the envelope 

from experimental results has a strength reduction after the transition point (Lam and Teng’s 

model) or B-point (Nakatsuka’s model). Lam and Teng’s model use only one slope after the 

transition point, for this reason the strength reduction cannot be modeled properly by using this 

model. On the other hand, Nakatsuka’s model proposed two-slope model after reaching B-point; 

this model can be used to model the strength reduction in case of square shaped specimens. 

Nakatsuka’s model needs to be improved due to the model does not have a good approach with 

the experimental results, this model will be modified to perform the approach. 

 

Figure 5-4 Theoretical models vs. experimental test – Square shaped 

Monotonic curves of concrete with CFS confinement 
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5.4 Proposed modified Nakatsuka’s model 

5.4.1 Shape coefficients for circular shaped specimens 

Regarding the shape coefficients for circular shaped specimens, the experimental data 

were used to find suitable coefficients. Figure 5-5 shows the result comparison between the 

experimental parameter of the envelope curve for circular shaped specimens versus the 

calculated values by using the proposed parameters. 

 

Figure 5-5 Modified shape coefficients – Circular shaped 
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procedure to get the formulated equations by Nakatsuka. Therefore the shape coefficients for 

circular shape specimen will be considered as the original model. 

5.4.2 Shape coefficients for rectangular shaped specimens 

Nakatsuka’s model is considered for specimens with a chamfer radius of 30mm. The 

specimens used in this research has a chamfer radius of 15mm, this discrepancy is important 

when is considered the effective confinement area ratio between the effective confinement area 

under compression    and the section area of the concrete   . The effective confinement area is 

contained by four parabolas as is shown in Figure 5-6; with the initial slopes as the parabolas 

begin the same of the adjacent diagonal lines [2][17]. Therefore the effective confinement area 

ratio     ⁄  is given by Equation (5-18). 

  

  
＝

  
0
 
 

(    )  
 
 

(    ) 1

   
   

    
 

(5-18) 

  ＝   (   )   (5-19) 

Where: 

       : Dimension of the section of sample. 

 : Chamfer radius at corners. 

  : Gross-section area of the section defined by Equation (5-19). 

  : Gross-section area ratio of the reinforcing steel. 

 

Figure 5-6 Effective confinement area of concrete 

Table 5-2 shows the shape coefficients (following Nakatsuka’s procedure) for 

R=15mm corresponding to     ⁄      , which are different from coefficients proposed by 

Nakatsuka for R=30mm corresponding to     ⁄      . Besides, taking into consideration 

circular shaped specimens (150mm of diameter) as an square shaped specimen with the highest 

chamfer radius possible R= 75mm corresponding to     ⁄      , and the minimum effective 
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confinement area ratio corresponding to      ⁄      . Using those coefficients, Equations 

(5-20) to (5-24) are proposed to calculate the shape coefficients for any chamfer radius with a 

range of effective confinement area ratio          ⁄      , as is shown in Figure 5-7 to 

Figure 5-11 respectively. 

Table 5-2 Shape coefficients for different chamfer radius 

 R (mm) 

 0 15 30 75 

   
 0.60 0.55 0.60 1.00 

   
 0.60 0.60 0.60 1.00 

   
 0.00 0.37 0.60 1.00 

   
 0.00 0.52 0.40 1.00 

    
 0.00 0.22 1.00 1.00 

    
 0.00 0.13 0.40 1.00 

 

a) Shape coefficient    
 and    

. 

Range of effective confinement area ratio:          ⁄      . 

Both shape coefficients are considered constant up to     ⁄      , then it is 

considered following a linear function up to     ⁄       
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Figure 5-7 Effective confinement area of concrete 
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      (5-21) 

 

Figure 5-8 Effective confinement area of concrete 
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Figure 5-9 Effective confinement area of concrete 
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Figure 5-10 Effective confinement area of concrete 

e) Shape coefficient     
. 

Range of effective confinement area ratio:          ⁄      . 

The shape coefficient is considered following a parabolic function from     ⁄  

     up to     ⁄       
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Figure 5-11 Effective confinement area of concrete 
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observed that modified Nakatsuka’s model gives a better approach to model the experimental 

envelope curves for square shaped specimens confined with CFS. 

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1 1.2

C
E

B
T

Ae/Ac

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1 1.2

C
E

T
R

Ae/Ac



92 

 

Specimen S12-2 and S12-3 underestimate the maximum strength of the envelope 

curve with a slight discrepancy. On the other hand, specimens S12-3E, S12-4 and S13-3 have a 

better approach with the experimental envelope curve in terms of maximum strength. Although 

specimen S12-4 has the best approach to the experimental envelope, also has a lower ultimate 

strain. Moreover, specimens S12-3 and S12-3E has larger ultimate strain. Other specimens have 

a good match of ultimate strain with experimental values. 

 

Figure 5-12 Proposed model vs. experimental test – Square shaped 

Monotonic curves of concrete with CFS confinement 
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CHAPTER 6 :  STRESS-STRAIN RELATIONSHIP OF CONCRETE WITH 

OR WITHOUT CFS CONFINEMENT UNDER CICLYC LOADING 

6.1 Envelope curve of concrete 

The equivalent uniaxial stress-strain curve of concrete in compression and tension 

shown in Figure 6-1 is based on the Modified Darwin & Pecknold [9], Noguchi [11][25], 

Naganuma [22], Lam & Teng [18] and Nakatsuka’s Model [23]. Although several researches 

[7][10][26][41] show a good agreement in compression stage until the maximum compressive 

strength, Saenz et al. [30] proposal is adopted. 

 

Figure 6-1 Proposed envelope curve for concrete 

The envelope curve is composed by: 

 O→M: Suggested by Saenz et al. [30], goes from the origin until the maximum strength of 

concrete f’c (M).  

 M→T: Linear portion after reaching the maximum strength of concrete, where the strength 

decreases until T-point. 

 T→R: Linear portion, the strength continues decreasing until R-point (4cu,0.10 f’c). 

 R →: Flat portion where the strength remains constant at 0.10 f’c of strength. 

 O→N: Linear portion with E0 slope until the maximum tensile strength of concrete. [19] 

 N →: Decreasing the strength of concrete with the opening crack of concrete. [36][37] 
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Where: 

  : Tangent modulus of elasticity at zero stress. 

  : Secant modulus at the point of maximum compressive stress, ic. 

   : Corresponding equivalent uniaxial strain at, ic. 

   : Real strain at f’c from the compression test. 

   : Equivalent uniaxial strain at it, where the cracking starts 

6.2 Loading, unloading and reloading in compression 

The loading, unloading and reloading in compression are described From Level 1 to 

Level 5 as is shown in Figure 6-2. For the case in which the reloading takes place during Level 

3 and before reaching zero stress (P), the reloading curve goes into Level 4, oriented to the 

common point (C) between the unloading curve and the reloading curve. Moreover, in case of 

unloading occurring over Level 4 and before reaching the common point (C), the unloading 

curve goes over a new Level 3, oriented to the same plastic strain (P). (See Figure 6-3) [29] 

 

Figure 6-2 Loading, unloading and reloading in compression 

From Figure 6-3, for the case in which a second unloading takes place after the 

concrete has been reloaded, and the unloading occurs after passing the common point (C) but 

has not yet reached the envelope curve, a new unloading curve is defined based on the projected 

point of unloading over the envelope curve. [29] 
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Figure 6-3 Internal cycles in compression 
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To define Level 3, the n-degree function must satisfy the stress, strain and slope 

conditions at C and P, where the slope at P (  ) is defined as follow: 

   
  

     
 (6-6) 

 Level 4 – Reloading Compressive Stage: PC (Linear), CX (Parabolic) 

   
  

     
 (6-7) 

Level 4 is defined from the reloading point or plastic point as a linear function 

oriented to the common point using a slope   . For the case in which the strain is larger than the 

strain at C and before reaching the envelope curve, Level 4 follow a parabolic function 

satisfying the stress, strain and slope conditions at the common point, and the corresponding 

point over the envelope (X). [29] 

 Level 5-1 – Loading Compressive Stage: MT (Linear) 

     
      

      
 (6-8) 

 Level 5-2 – Loading Compressive Stage: TR (Linear) 

     
         

       
 (6-9) 

 Level 5-3 – Loading Compressive Stage: R (Flat) 

          (6-10) 

In the case of concrete only, Level 5-3 is considered as it is shown above, for the case 

of concrete confined with CFS, Level 5-3 is not considered. 

6.3 Loading, unloading and reloading in tension 

The loading, unloading and reloading in tension are described from Level 6 to Level 8 

as is shown in Figure 6-4. For the case in which the loading tensile stage takes place before 

loading compressive stage, then Level 6 will follow    slope until reach the tensile concrete 

strength,       . [29] 
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When the tensile stress of concrete in the principal i-direction exceeds the tensile 

concrete strength,    , the first crack occur perpendicular to the principal i-direction. Then the 

stress decrease while the Crack width is in opening stage. [29] 

 

Figure 6-4 Loading, unloading and reloading in tension 

 Level 6 – Loading Tensile Stage: ON (Linear) 

      (6-11) 

 Level 7 – Crack Formation and Crack Opening: NF 

     (
   

   
)
 

      (     ) (6-12) 

 Level 8 – Drops linearly until Residual Deformation: FHF (Linear) 

     

        

(    )   (      ) (6-13) 

Where the intersection point (I) defined by Level 8 and Level 10 is defined as: 

         

   (          )    
(6-14) 

6.4 Transition from compression to tension and vice versa 

The transition from compression to tension and from tension to compression is 

described by Level 9 and Level 10 as is shown in Figure 6-5. For the case in which an inner 

loop occurs in transition from Level 9 to 10 or Level 10 to 9, a linear function was proposed 

following a slope    ; this slope can be obtained by interpolation between slope at J-point and 

  . (See Figure 6-6) [29] 
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Figure 6-5 Transition from compression to tension and vice versa 

 

Figure 6-6 Inner loop in transition 

 Level 9 – Transition from Tensile Stage to Compressive Stage: HJ (Logarithmic) 

   (  (    )   )  (6-15) 

Where J-point is defined as follow: 
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 Level 10 – Transition from Compressive Stage to Tensile Stage: PF (Linear) 
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(      )(     )

     
    (6-18) 

Where     is the returning point in transition from either Level 9 to Level 10 or Level 

10 to Level 9. 

6.5 Envelope curve of concrete with CFS confinement 

The envelope curve of concrete with CFS confinement is considered following 

Nakatsuka’s model described in Section 4.2, considering the modified shape coefficients 

presented in Section 4.4. The hysteresis rules to describe the loading, unloading and reloading 

of concrete with CFS confinement follows the same rules from Level 1 to Level 11 which are 

described above. [29] 

6.6 Plastic strain of concrete with CFS confinement 

When considering the cyclic behavior for concrete with CFS confinement, the 

hysteresis rules are taken as the same as for the concrete only but changing the envelope curve 

and the plastic strain (  ) must be taken following Equation (6-19). [29] 

Previous studies show the experimental linear relationship between envelope 

unloading strain and plastic strain [18][33] (See Table 6-1); including the linear relationship 

found in this study, Equation (6-19) shows a proposed expression for plastic strain by modifying 

the coefficients of Lam and Teng’s equation for plastic strain of concrete retrofitted with CFS. 

The comparison between experimental and calculated plastic strain can be observed in Figure 

6-7. 

Table 6-1 Linear relationship between envelope unloading strain and plastic strain 

Source f'c (Mpa) (a+cf’c) c R
2
 

Reyna et al. 35.56 0.758 -0.0021 0.9982 

 
38.46 0.763 -0.0016 0.9997 

Lam and Teng. 38.9 0.714 -0.0016 0.998 

 
41.1 0.703 -0.0014 0.996 

Ilki and Kumbasar 32 0.713 -0.0019 0.994 

Rousakis 49.5 0.737 -0.002 0.981 

 
65.5 0.601 -0.0015 0.981 

 
68.5 0.603 -0.0015 0.968 

 
95 0.467 -0.0013 0.999 
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Figure 6-7 Comparison between experimental and calculated plastic strain 

   ,

             
,   (             )      -(         )                 

(             )                       

 (6-19) 

6.7 Experimental results vs. analytical approach 

6.7.1 Circular shaped specimens under cyclic test 

Figure 6-8 and Figure 6-9 shows a comparison between experimental curves and 

analytical hysteresis curves for circular shaped specimens for both concrete only and concrete 

with CFS respectively. The comparison shows that proposed model and the experimental result 

match pretty well. The strain pattern used to get the analytical curve is shown in Figure 4-26. 

The calculated strain level for the rupture of the circular specimen of concrete with CFS is about 

the same level as the experimental test. Besides, the plastic strain definition for both, concrete 

only and concrete with CFS, has a good agreement between the experimental curve and the 

proposed model. [29] 

 

Figure 6-8 Experimental vs. proposed model – Circular shaped specimen 
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Figure 6-9 Experimental vs. proposed model – Circular shaped specimen 

6.7.2 Square shaped specimens under cyclic test 

Figure 6-10 and Figure 6-11 shows the comparison between experimental curves and 

analytical hysteresis curves for square shaped specimens for both concrete only and concrete 

with CFS respectively. The strain pattern used to get the analytical curve is shown in Figure 

4-26. The comparison shows that proposed model and the experimental result match pretty well. 

The analytical model gives a lower strain level for the rupture of the square shaped specimen of 

concrete with CFS, but when it is compared with the monotonic curve it has about the same 

strain level for the rupture of the CFS during the test. [29] 

 

Figure 6-10 Experimental vs. proposed model – Square shaped specimen 
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Figure 6-11 Experimental vs. proposed model – Square shaped specimen 
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CHAPTER 7 :  NONLINEAR FINITE ELEMENT ANALYSIS 

7.1 Material model of concrete under biaxial stress 

7.1.1 Constitutive material model 

The material behaves as elastic material between each incremental load step. Plain 

concrete has been idealized as an orthotropic material is suggested in Figure 7-1.[9][31] 

 

Figure 7-1 Behavior of Plain Concrete under Biaxial Compression 

Thus, considering a planar element: (See Figure 7-2) 

 

Figure 7-2 Deformation of planar element in principal axes 
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Where   ,   ,   ,    are stress-dependent material properties. 

{
   

   
}  

 

      
[

      

      
] {

   
   

} (7-2) 

From energy considerations: 

              

 

      
(             )    

 

      
(             )    

     
                             

 
 

 

If      then       

                      

          

 

Introducing an equivalent Poisson’s ratio:         

{
   

   
}  

 

    
6

   √    

 √      

7 {
   
   

} (7-3) 

Including the shear strain into the Equation (7-3): 

{

   

   

    

}  
 

    [

   √     

 √       

  (    ) 

] {

   
   

    

} (7-4) 

Finally the stress strain relationship is as follow: 

       

  
 

    [

   √     

 √       

  (    ) 

] 
(7-5) 

For rotation of principal axes of planar element, considering an element, and assuming 

the area corresponding to each lateral plane is 1 and the element rotate an angle , then from 

force equilibrium in the Figure 7-3, the principal stresses rotated are given by: 
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Figure 7-3 Rotation of principal axis of planar element 
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Considering a very small element: 
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(7-7) 

Where   is the matrix that transform stresses between axes. Also strain vector can be 

expressed as follow: 
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,

   
   
    

-  [
                  
                   

                              

] {

  
  

   

} 

        

(7-8) 

Where   is the matrix that transforms strain between axes. 

From Equation (7-5), and using Equations (7-7) and (7-8): 

               

                
 

             (7-9) 

From Equation (7-9), stress-strain relationship can be expressed using axes rotation as 

follows: 

          (7-10) 

Where    can be defined as follows: 

         

       
 

        (7-11) 

Where: 

  [
                   
                    

                            

]  

From Equation (7-10) and Equation (7-11),    is calculated as follow: 

    
          (7-12) 
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Taking into consideration:      

     
 

 

(        √    )

    
 (7-14) 
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Going back to the Equation (7-5) and using Equation (7-14): 

{

   

   

    

}  
 

    

[
 
 
    √     

 √       

  
 

 
(        √    )]

 
 
 
{

   
   

    

} (7-15) 

Where E1, E2 and  are determined as a function of the stress and strain state at each 

incremental load step. Finally stress depends on Young’s modulus in each principal directions 

and the equivalent Poisson’s ratio only:    (       ) 

7.1.2 Equivalent Uniaxial Strain 

The concept of Equivalent Uniaxial Strain was developed in order to keep track of the 

degradation of stiffness and strength of plain concrete and to allow actual biaxial stress-strain 

curves to be duplicated from uniaxial curves. Figure 7-4 shows that may for a single value of 

stress correspond to a many values of strain. Therefore, the stiffness and strength of the concrete 

has strongly stress-strain dependency. [9][31] 

 

Figure 7-4 Cyclic loading of concrete 

For biaxial state of stress, the strain in one direction is a function not only of stress in 

that direction, but also of the stress in the orthogonal direction, due to the Poisson ratio effect as 

is presented in Equation (7-5). 

 

 

  



110 

 

 

Figure 7-5 Equivalent uniaxial strain for linear material 

For a linear elastic material, the equivalent uniaxial strain in i-th direction    , is given 

by: 

    
  

  
 (7-16) 

Where iu may be thought of as the strain that would exist in i-th direction for zero 

stress in j-th direction. Considering a nonlinear material, Equation (7-16) can be written as 

follow: 

    ∫     ∫
   

  
 (7-17) 

Where     and      are differential stress and uniaxial strain in i-th direction 

respectively, and    is the tangent modulus of elasticity in i-th direction in each incremental step. 

Considering a finite numbers of increments   , Equation (7-17) can be expressed as follow: 

    ∑
   

  
 (7-18) 

For every step, the change of the equivalent uniaxial strain,     , is given by: 

     
             

  
 (7-19) 

Figure 7-6 shows the state of stress at the beginning and at the end of each load 

increment. Where        corresponds to the original i-axis,         corresponds to the new i-axis 

and Ei represents the tangent modulus in the i-th direction at the start of the load increment. 

𝜎  
𝐸

  𝛼𝜈
𝜀  

Biaxial Loading 

Uniaxial Stress-Strain Curve 


i
 

iu
 

E
i
 

 

 


i
 



111 

 

 

Figure 7-6 Rotation of principal stress axis 

In addition, the actual equivalent uniaxial strain at loading step “k” will be given by: 

   ( )     (   )      ( ) (7-20) 

To consider the inelastic behavior, axis rotations must be allowed, thus the tangent 

stiffness    and   , always represent the modulus corresponding to the principal and maximum 

value of stress. It is possible, even through small load increments, for the material axis to rotate 

more than 90°, this is undesirable since the stress and uniaxial strain history developed at one 

orientation should continue to control the behavior of material in essentially the same 

orientation. Therefore, the rotation of the material axis is limited to the 90° regions oriented 

with the initial principal axis. If the material axis change the region due to the load increment, 

then the material axis are reoriented to coincide with the principal stress axis within their 

respective regions, as is shown in Figure 7-7. [9] 

 

Figure 7-7 Rotation of principal stress axis out of originally defined regions 
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7.1.3 Maximum Stress Surface of concrete 

For biaxial compression, Kupfer and Gerstle [14] found that the total strength 

envelope can be approximated by the following expression: 

(
  

   
 

  

   
)
 

 
  

   
     

  

   
   (7-21) 

For compression-compression state, considering      , and defining  as the ratio 

of    and    (      ⁄ ), then Equation (2-34) can be written to give the maximum concrete 

compressive strength, 2c, as follow: 

    
       

(   ) 
    (7-22) 

Besides, the compressive stress in the orthogonal direction will be: 

         

     
       

(   ) 
    

(7-23) 

The values of    and    define the shape of the equivalent uniaxial stress-strain curves 

for a given value of  . Considering tension-compression state over plain concrete,    , Kupfer 

and Gerstle suggest [14] the following expression: 

    (     
  

   
)    (7-24) 

On the other hand, Darwin and Pecknold [9] propose for tension-compression zone, 

the compressive stress-strain curve is modeled using the following expression: 

    
       

(   ) 
                

        

(7-25) 

In case of tension-compression state with             and for tension-tension state, 

Kupfer and Gerstle [14] recommended a constant tensile strength, equal to the uniaxial tensile 

strength of the material. This is in close agreement with the findings of other investigations 

[15][24]. 

            (7-26) 
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Figure 7-8 Analytical biaxial stress envelope by Darwin and Pecknold 

7.1.4 Equivalent uniaxial strain     at     

To determine    , defined as equivalent uniaxial strain corresponding to the maximum 

compressive stress    , a constant value of Poisson’s ratio (     ) is assumed. Kupfer, 

Hilsdorf and Rusch [15] found that the Poisson’s ratio remained essentially constant up to 80% 

of the ultimate load.[9] 

When |   |  |   |,     is assumed to vary linearly with     as: 
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  (   )) (7-27) 

Where     is the strain at peak stress for the real uniaxial curve and     is the uniaxial 

compressive strength of concrete.    is defined as follows: 
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When |   |  |   |,     is expressed by the following equation: 
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7.1.5 Effective Poisson’s ratio 

The Poisson’s ratio assumed (      ), proved quite satisfactory for monotonic 

loading in tension-tension and compression-compression. Besides, this value proved to be 

adequate for uniaxial compression and tension-compression at low values of stress. However for 

values of stress above 80% of    , the Poisson’s ratio assumed is too small. Thus Poisson’s ratio 

is assumed to be equal to 0.2 until 80% of    , after that, Poisson’s ratio of concrete starts to 

increase.[9] 

For tension-tension and compression-compression state: 

      (7-30) 

For uniaxial compression and tension-compression state: 

         (
  

   
)
 

    (
  

   
)
 

      (7-31) 

7.1.6 Cracking 

For the proposed model, cracking first occurs when the tensile strength of concrete is 

exceeded, thus, a crack is formed perpendicular to the principal direction in tensile state, when 

the principal stress in the concrete exceeds the tensile strength in that direction. [9] 

 

Figure 7-9 Crack in principal tension direction 

For one open crack, considering 1-direction reaches the tensile concrete strength, 

    , therefore going back to the Equation (7-15). 
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Where the crack is perpendicular to the 1-direction. 

For the case of two open cracks: 

{

   

   

    

}  {
 
 
 
} (7-33) 

Just after the crack is formed, the crack width,    , is defined as follow: 

    
    

  
 ∑ (        )

               
               

         

 
(7-34) 

Where      is the stress that cause the crack and    is the tangent stiffness that was 

assumed just prior to the crack formation,     and     are the true strain increments 

perpendicular and parallel to the crack respectively, and      , unless     if two cracks are 

open. 

7.2 Material model of reinforcing steel 

7.2.1 Smeared model 

Cracks and reinforcing bars are idealized as being distributed or smeared over the 

concrete element at a certain angle orientation. The nonlinearity of a cracked RC element is 

primarily due to cracking, reinforcement plasticity and bond interaction between concrete and 

reinforcement. [31] 

It has to be noted that the averaged stress-strain relation for the reinforcement differs 

from that of bare bars with no interaction with the concrete. Here the averaged stress-strain 

relation of concrete normal to the crack is much different from that of plain concrete with no 

interaction with reinforcement. [31] 

At cracks, concrete tensile local stress is almost zero but the other local stress of 

concrete is still in tension. Thus, the average tensile stress remains non-zero, which is attributed 

to the bond between deformed bars and concrete. [31] 

In this research, perfect bond between concrete and steel is assumed. In this model, the 

reinforcing bars inside a concrete element are replaced by an equivalent steel element with 
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distributed uniaxial material properties in a reinforcing direction. The thickness of the 

equivalent steel element    can be obtained as follows: 

   
  

 
 (7-35) 

Where: 

  : Cross-section of a bar. 

 : Depth of the member. 

 : Spacing of bars. 

Considering one-direction reinforcing bar as is shown in Figure 7-10. 

 

Figure 7-10 One-direction smeared model 

Since the equivalent steel element has uniaxial properties in the direction parallel to 

the axis of the reinforcing bars, the constitutive matrix is defines as follows: 

{
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(7-36) 

The constitutive matrix needs to be transformed to the global coordinate using the 

rotation matrix as shown in Equation (7-11): 

,
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(7-37) 
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The stiffness matrix is a summation of those of concrete and steel as follows: 

                   

    ∫          

 (   )

   ∫           

 (   )

 

    ∫   (   
  
  

   )     

 (   )

 

(7-38) 

From the stress vector, the nodal force vector is calculated as: 
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(7-39) 

In general, we have two-direction reinforcing bars in a concrete element as is shown in 

Figure 7-11. 

 

Figure 7-11 Two-direction smeared model 

Similarly to Equations (7-38) and (7-39): 

The stiffness matrix will be expressed as: 

    ∫   (   
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 (7-40) 
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And the nodal force vector is expressed as follows: 

    ∫   (*  +  
   
  

*  +  
   
  

*  + )    

 (   )

 (7-41) 

7.2.2 Menegotto-Pinto model 

The Menegotto-Pinto model is adopted for the stress-strain relationship for reinforcing 

steel bars [1][34]. The envelope curve of the model is expressed as: 

      
(    ) 

(     )   ⁄
 (7-42) 

  
     

     
 (7-43) 

  
     

     
 (7-44) 

   
   

  
 (7-45) 

Where: 

  : Strain stiffening factor. 

  : Parameter for Baushinger effect. 

  : Initial Young’s modulus. 

   : Post yielding Young’s modulus 

     : Stress and strain at reversal point. 

     : Stress and strain at intersection point between asymptotic lines. 

 

 

Figure 7-12 Menegotto-pinto model 

(0,0) 

(sy,sy) 
('s,'s) 

(r,r) 
(-sy,-sy) 

 

 

Es 

Es2

2 



119 

 

Figure 7-12 shows the schematic representation of the Menegotto-Pinto model. This 

model uses two asymptotic lines to define the envelope curve, in which intersection as shown in 

Figure 7-13, defined by       can be obtained from Equation (7-46). 

 

Figure 7-13 Asymptotic lines 
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(7-46) 

Where: 

  ̇: Strain increment. 

       : Yielding stress and strain. 

The parameter    can be obtained from: 

       
   

    
 (7-47) 

  
|      |

   
 (7-48) 

Where:       ,         and         are usually adopted, and   is defined as 

the plastic strain ratio. In the calculation of  , in case of loading from elastic range to yielding 

range and loading in reversal direction,     is defined as follows: 

    {
      ̇   

       ̇   
 (7-49) 

7.3 Material model of CFS 

CFS is considered to have a linear elastic behavior until it reaches the maximum 

tensile strength characteristic of the material, and then a brittle failure occurs suddenly as it was 

described in Section 2.1.3. (See Figure 7-14) 

(0,0) 

𝜎  𝐸𝑠𝑅𝑠(𝜀𝑠𝑦  𝜀)  𝜎𝑠𝑦 

𝜎  𝐸𝑠(𝜀𝑠𝑦𝑟  𝜀)  𝜎𝑟  
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Figure 7-14 Linear-brittle model of CFS 

7.4 Nonlinear finite element numerical simulation 

7.4.1 STERA_FEM model 

STERA_FEM Ver.3.3 [32] was used to carry out the numerical simulation. Figure 

7-15 shows the element dimensions of specimens WF, RWF1 and RWF2 described in Section 

4.1, defined by: X1=200mm, X2=240mm, X3=160mm, X4=300mm, Y1=200mm, Y2=250mm 

and Y3=300mm. Figure 7-16 shows the element dimensions of specimens WD, RWD1 and 

RWD2 described in Sections 4.2, defined by: X1=200mm, X2=300mm, Y1=190mm, 

Y2=215mm, Y3=2200mm, Y4=250mm and Y5=300mm. Also, Figure 7-15 and Figure 7-16 

shows the boundary and loading conditions of the models, where B1 corresponds to a fix 

restrain in X and Y direction (Pin support), P1 and P2 represents the loading distribution in X-

direction; and C is the control node for the load application. 

   

(a) Boundary Condition    (b) Loading Distribution 

Figure 7-15 Geometry, boundary and loading conditions (WF, RWF1 and RWF2) 

Ef 

1 

ft 

 

 

C C 



121 

 

   

(a) Boundary Condition    (b) Loading Distribution 

Figure 7-16 Geometry, boundary and loading conditions (WD, RWD1 and RWD2) 

The material types used in this model can be observed in Figure 7-17, where C1 and 

C2 correspond to the material properties of the concrete elements with 80mm and 700mm 

thickness respectively; and C3 is considered as a concrete type with high density to simulate the 

constant axial load and the additional moment applied during the test, as it is described in 

Sections 4.1 and 4.2. Moreover, the steel material S1 corresponds to the wire mesh used in the 

whole wall span, S2 corresponds to the additional longitudinal reinforcing bars at the boundary 

ends of the wall and S3 corresponds to the reinforcement of the footing and the upper beam. 

   

(a) Concrete Material    (b) Steel Material 

Figure 7-17 Material types model 

C C 
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LDRC shear walls retrofitted with full height of CFS is shown in Figure 7-18. Where 

F1 corresponds to the material properties of the CFS used in specimens RWF1 and RWF2, 

which are described in Section 4.1. This element is oriented in X-direction only. 

   

(a) RWF1     (b) RWF2 

Figure 7-18 CFS retrofitting (RWF1 and RWF2) 

LDRC shear walls retrofitted with full height of CFS is shown in Figure 7-19. Where 

F1 corresponds to the material properties of the CFS used in specimens RWD1 and RWD2, 

which are described in Section 4.2. This element is oriented in X-direction only. 

   

(a) RWD1     (b) RWD2 

Figure 7-19 CFS retrofitting (RWD1 and RWD2) 

7.4.1 Experimental wall test vs. numerical simulation 

The numerical analysis conducted by using STERA_FEM was a pushover analysis 

until the strain deformation corresponding to the maximum strength capacity of each specimen. 
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7.4.1.1 WF, RWF1 and RWF2 

Figure 7-20 shows the deform shape of the model under a pushover analysis for each 

specimen tested. Besides it can be observed the orientation and magnitude of the stress in each 

Gaussian point of the elements. 

   

(a) WF    (b) RWF1   (a) RWF2 

Figure 7-20 Deform shape (WF, RWF1 and RWF2) 

The comparison between the experimental envelope curve and the pushover analysis 

carried out for specimens WF, RWF1 and RWF2 are shown in Figure 7-21, Figure 7-22 and 

Figure 7-23 respectively. The pushover analysis was conducted up to the strain at maximum 

strength of each specimen due to the lack to model the strength degradation. 

 

Figure 7-21 Experimental envelope curve WF vs. FEM analysis 
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Figure 7-22 Experimental envelope curve RWF1 vs. FEM analysis 

 

Figure 7-23 Experimental envelope curve RWF2 vs. FEM analysis 

As it is described in Section 4.1.4, the envelope curve of the three specimens tested 

under pushover analysis remains about the same strength level (See Figure 7-24). Although the 

deformation capacity of the specimens got improved due to the retrofitting by CFS, from the 

analysis conducted, it cannot be confirmed due to STRERA_FEM is under development. 

 

Figure 7-24 Comparison of the envelope curves (WF, RWF1 and RWF2) 
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7.4.1.2 WD, RWD1 and RWD2 

Figure 7-25 shows the deform shape of the model under a pushover analysis for each 

specimen tested. Besides it can be observed the orientation and magnitude of the stress in each 

Gaussian point of the elements. 

   

(a) WD    (b) RWD1   (a) RWD2 

Figure 7-25 Deform shape (WD, RWD1 and RWD2) 

The comparison between the experimental envelope curve and the pushover analysis 

carried out for specimens WD, RWD1 and RWD2 are shown in Figure 7-26, Figure 7-27 and 

Figure 7-28 respectively. The pushover analysis was conducted up to the strain at maximum 

strength of each specimen due to the lack to model the strength degradation. 

 

Figure 7-26 Experimental envelope curve WD vs. FEM analysis 
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Figure 7-27 Experimental envelope curve RWD1 vs. FEM analysis 

 

Figure 7-28 Experimental envelope curve RWD2 vs. FEM analysis 

As it is described in Section 4.2.4, the envelope curve of the three specimens tested 

under pushover analysis remains about the same strength level (See Figure 7-29). Although the 

deformation capacity of the specimens got improved due to the retrofitting by CFS, from the 

analysis conducted, it cannot be confirmed due to STRERA_FEM is under development. 

 

Figure 7-29 Comparison of the envelope curves (WD, RWD1 and RWD2) 
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CHAPTER 8 :  CONCLUSIONS AND RECOMMENDATIONS 

8.1 Conclusions 

This investigation was conducted to assess the performance of low ductility reinforced 

concrete (LDRC) shear walls retrofitted by carbon fiber sheet (CFS) under cyclic loading. Two 

verification tests were conducted on LDRC wall retrofitted with CFS. From the test results, it 

can be verified that CFS improves the deformation capacity of the wall under cyclic loading, by 

delaying the crushing of the concrete at the base of the wall. Moreover, LDRC wall retrofitted 

with CFS does not have influence in the shear strength capacity of the wall, therefore the 

strength of remains about the same level as the non-retrofitted wall as it was expected. 

Degradation of the post-maximum strength was more gradual for both, LDRC wall retrofitted at 

the wall ends with full height and partial height of CFS. Ultimate limit deformation of both 

specimens, LDRC wall retrofitted at the wall ends with full height and partial height of CFS was 

larger than the specimens with CFS retrofitting along the wall span. 

During the failure mode of the non-retrofitted walls, crushing of the concrete at the 

wall base corner of the wall and buckling of the steel occurs; so the wall fails in flexural mode 

as it was expected. Besides, LDRC wall retrofitted with full height of CFS and LDRC wall 

retrofitted with partial height of CFS also fails in flexural mode and shows a swelling at the base 

corners on the wall, as well as the sudden failure of the CFS, once the specimen cannot sustain 

the applied load. Therefore a third experimental test was conducted in order to study the 

confinement effect of concrete retrofitted by CFS. 

The third experimental test was conducted over circular, square and rectangular 

shaped specimens retrofitted by CFS under compressive monotonic and cyclic loading. From 

the test results, stress on the CFS in circular shaped specimens is distributed similarly on the 

CFS, while for square and rectangular shaped specimens the stress on the CFS is concentrated at 

corners. Therefore it was observed that circular shaped specimens retrofitted with CFS improve 

its maximum strength. On the other hand, CFS helps to improve the deformation capacity of the 

circular, square and rectangular shaped specimens under monotonic and cyclic loading. In other 

words, the ductility and energy dissipation of concrete retrofitted with CFS is improved in 

comparison with the non-retrofitted samples. For square and rectangular shaped specimens, a 

larger chamfer radius helps to improve the maximum strain and the maximum strain of the 

specimens retrofitted with CFS is proportional to the ultimate strain of the CFS. 
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Two stress-strain relationship of concrete retrofitted by CFS were studied. Although 

Lam and Teng’s and Nakatsuka’s model gives a similar approach for circular shaped concrete 

con-fined with CFS, Lam and Teng’s model does not give a good approach for square shaped 

concrete confined with CFS because the model uses only one slope after transition point, 

therefore it cannot reproduce the strength reduction. On the other hand, Nakatsuka’s model 

provides a model for square shaped concrete with chamfer radius of 30mm. This model uses a 

two-slope model which can be used to model the strength reduction of the experimental results. 

Since the square and rectangular shaped specimens tested have a chamfer radius of 15mm, 

shaped coefficients must be modified. 

Proposed modified Nakatsuka’s model takes into consideration the chamfer radius and 

the ratio of effective area of confined concrete. From the analytical results, proposed modified 

Nakatsuka’s model gives a better approach of the experimental envelope curves for circular and 

square shaped specimens retrofitted with CFS. Moreover, a stress-strain relationship for 

concrete with or without CFS confinement under cyclic loading was proposed, this model is 

based on Modified Darwin & Pecknold, Noguchi, Naganuma, Lam & Teng and Nakatsuka’s 

Model. Proposed model gives a good approach in comparison with the experimental results of 

circular and square shaped specimens under cyclic. 

As part of this investigation, a nonlinear finite element method was studied in order to 

develop STERA_FEM software, and to conduct a comparison with the experimental results. 

STERA_FEM takes into consideration: 4 nodes isoparametric planar element, incompatible 

element, 9 Gaussian points, the proposed model for concrete with or without CFS confinement, 

equivalent uniaxial strain of concrete for each principal direction considering the bi-axial stress-

strain relationship of concrete by using the maximum stress surface of concrete, smeared crack 

model with the Menegotto-Pinto hysteresis model for reinforcing steel and an elastic-brittle 

model for CFS. 

Finally, a pushover analysis were conducted and compared with the experimental 

results of the six walls (retrofitted with CFS and non-retrofitted). The analytical curves show a 

good approach in comparison with the experimental curves. 
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8.2 Recommendations 

Based on the experiments, When using bolts for fixing the CFS to the concrete, even 

though it does not have an important contribution in terms of maximum stress, it must be very 

careful that the steel plates used to fix the CFS does not provide axial force in the direction of 

the applied load. 

Further studies on the shape coefficients for circular, square and rectangular shaped 

are suggested to improve the non-linear hysteresis of concrete retrofitted with CFS, by 

increasing the data with a large range of concrete types, using different amount of CFS as a 

confinement method and considering effective confinement ratio of the section 

Although the deformation capacity of the walls got improved due to the retrofitting by 

CFS as it is reported during the test, from the analysis conducted, it cannot be confirmed due to 

STRERA_FEM is under development. STERA_FEM works under compression-tension cyclic 

loading, giving a good approach as it was presented in this investigation, but not in case of 

lateral reversal loading. Therefore, further research is needed to improve STERA_FEM to 

consider the strength reduction and lateral reversal loading. 

Finally, it is recommended to conduct further researches considering the bond 

mechanism between the reinforcing steel bars and concrete as well as between concrete and 

CFS. 
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