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In precision manufacturing, the ability to track a trajectory with high-precision while simultaneously reducing 

energy consumption is highly desirable. A wide range of industrial machines such as computer numerical control, 

industrial robots, and assembly equipment uses a ball-screw driven mechanism for micron-scale positioning 

applications. Ball-screw mechanisms are widely used because of their simple dynamic nature and low cost. The 

tasks performed by the ball-screw mechanisms are repetitive in nature, leading to high energy consumption. In 

addition, tracking error is induced by ball-screw assembly. Given the current worldwide situation of high energy 

costs, environmental effects, and the depletion of energy sources, energy-saving is needed. In addition, precise 

motion is vital for machines to manufacture high-quality products. Therefore, the industrial sector is driven by a 

high need for machines with accurate motion and energy-saving capabilities. 

Adaptive control is one of the most effective methods, which can consider the parametric uncertainties and 

disturbances with online adaptive rules. Simple adaptive control (SAC) is a simplified approach to direct model 

referencing adaptive control. The SAC control technique has attracted much attention from researchers in recent 

decades because of its simplicity and the ease of implementing its algorithm. In addition, this control technique 

has the advantage of not requiring full state access or estimators in the control loop. Moreover, the SAC 

technique does not require full knowledge of the system’s dynamics to implement. To successfully apply the 

SAC to a real system the “almost strictly positive real (ASPR)” property is required to be satisfied. ASPR ensures 

the stability of the system even when the gains are high. Most systems fail to meet the ASPR requirement and 

therefore, other methods are needed to meet the ASPR requirement. In the literature, many studies have focused 



 

on the typically used parallel feedforward compensation (PFC) method. However, the PFC approach deviates the 

output signal from the desired which increases the tracking error. There have been numerous proposals for 

improving the situation by researchers to counteract this problem though parallel type structure design still holds.  

To enhance machine performance in terms of tracking and contouring accuracy with less energy consumption in 

industrial machines, the proposed control approaches are described as follows in this thesis: Introductory remarks 

are presented in Chapter 1 followed by a literature review in Chapter 2 describing the related studies in adaptive 

control, simple adaptive control, integral terminal sliding mode control and industrial feed drive systems 

dynamics. Chapter 3 presents the use of jerk-based augmented output signal for the ASPR property. The 

proposed approach allows SAC to track the desired signal more precisely at high frequencies. This is achieved by 

placing the zeros of the system at effective locations. To verify the feasibility of the proposed approach, 

simulation and experiment are conducted. The results are compared with those of the commonly used PFC 

approach. Experimental results revealed that the proposed approach reduced the tracking error by about 80% 

compared to PFC without any additional control input. Moreover, the proposed approach has been proved to be 

energy-efficient by about 21% than PFC under similar tracking conditions. Simple adaptive contouring control 

(SACC) using jerk-based augmented output signal for the ASPR property is presented in Chapter 4. SACC is 

designed by following the tangent contour control scheme while using the SAC technique to enhance the 

contouring accuracy. Jerk-based augmented output signal ensures that the ASPR property is met and allows the 

SACC to track accurately the desired contour at high frequency. The proposed contouring approach achieves 

lower contour error and energy consumption by about 45% and 3% respectively, as compared to the most 

common parallel feedforward compensation approach. 

Chapter 5 describes the approach focusing on application of integral terminal sliding mode control (ITSMC) to 

the feed drive system because of its robustness against disturbances and finite-time convergence of the tracking 

error. However, its design requires a good understanding of plant dynamics and estimated parameters. To 

alleviate this concern, a solution of modifying the original ITSMC law to an adaptive ITSMC law based on SAC 

technique. To implement SAC-like adaptive law to a real plant, ASPR property is required to be satisfied. ASPR 

property is satisfied using velocity-based augmented output signal that ensures the stability even when gains are 

high. Based on the experimental results, this formulation allows the adaptive controller to follow the reference 



 

trajectory more precisely than conventional methods. Lastly, Chapter 6 presents the concluding remarks of this 

thesis and prospective future works. 
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Abstract

In precision manufacturing, the ability to track a trajectory with high-precision while simulta-

neously reducing energy consumption is highly desirable. A wide range of industrial machines

such as computer numerical control, industrial robots, and assembly equipment uses a ball-

screw driven mechanism for micron-scale positioning applications. Ball-screw mechanisms are

widely used because of their simple dynamic nature and low cost. The tasks performed by the

ball-screw mechanisms are repetitive in nature, leading to high energy consumption. In addi-

tion, tracking error is induced by ball-screw assembly. Given the current worldwide situation of

high energy costs, environmental e�ects, and the depletion of energy sources, energy-saving is

needed. In addition, precise motion is vital for machines to manufacture high-quality products.

Therefore, the industrial sector is driven by a high need for machines with accurate motion and

energy-saving capabilities. Adaptive control is one of the most e�ective methods, which can

consider the parametric uncertainties and disturbances with online adaptive rules. Simple adap-

tive control (SAC) is a simpli�ed approach to direct model referencing adaptive control. The

SAC control technique has attracted much attention from researchers in recent decades because

of its simplicity and the ease of implementing its algorithm. In addition, this control technique

has the advantage of not requiring full state access or estimators in the control loop. Moreover,

the SAC technique does not require full knowledge of the system's dynamics to implement. To

successfully apply the SAC to a real system the �almost strictly positive real (ASPR)� property

is required to be satis�ed. ASPR ensures the stability of the system even when the gains are

high. Most systems fail to meet the ASPR requirement and therefore, other methods are needed

to meet the ASPR requirement. In the literature, many studies have focused on the typically

used parallel feedforward compensation (PFC) method. However, the PFC approach deviates

the output signal from the desired which increases the tracking error. There have been nu-

merous proposals for improving the situation by researchers to counteract this problem though

iii



parallel type structure design still holds. To enhance machine performance in terms of tracking

and contouring accuracy with less energy consumption in industrial machines, the proposed

control approaches are described as follows in this thesis: Introductory remarks are presented

in Chapter 1 followed by a literature review in Chapter 2 describing the related studies in adap-

tive control, simple adaptive control, integral terminal sliding mode control and industrial feed

drive systems dynamics. Chapter 3 presents the use of jerk-based augmented output signal for

the ASPR property. The proposed approach allows the SAC to track the desired signal more

precisely at high frequencies. This is achieved by placing the zeros of the system at e�ective

locations. To verify the feasibility of the proposed approach, simulation and experiment are

conducted. The results are compared with those of the commonly used PFC approach. Exper-

imental results revealed that the proposed approach reduced the tracking error by about 80%

compared to PFC without any additional control input. Moreover, the proposed approach has

been proved to be energy-e�cient by about 21% than PFC under similar tracking conditions.

Simple adaptive contouring control (SACC) using jerk-based augmented output signal for the

ASPR property is presented in Chapter 4. SACC is designed by following the tangent contour

control scheme while using the SAC technique to enhance the contouring accuracy. Jerk-based

augmented output signal ensures that the ASPR property is met and allows the SACC to track

accurately the desired contour at high frequency. The proposed contouring approach achieves

lower contour error and energy consumption by about 45% and 3% respectively, as compared

to the most common parallel feedforward compensation approach. Chapter 5 describes the

approach focusing on application of integral terminal sliding mode control (ITSMC) to the feed

drive system because of its robustness against disturbances and convergence of the tracking

error in �nite-time. However, its design requires a good understanding of plant dynamics and

estimated parameters. To alleviate this concern, a solution of modifying the original ITSMC

law to an adaptive ITSMC law based on SAC technique. To implement SAC-like adaptive law

to a real plant, ASPR property is required to be satis�ed. ASPR property is satis�ed using

velocity-based augmented output signal that ensures the stability. Based on the experiments'

results, this formulation allows the adaptive controller to follow the reference trajectory more

precisely than conventional methods. Lastly, Chapter 6 presents the concluding remarks of this

thesis and prospective future works.
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Chapter 1

Introduction

1.1 Background

Ball-screw feed drive systems are transmission components used to convert the rotational mo-

tion of a motor into the translational motion. They are commonly used in manufacturing

machinery, including Computer numerical control (CNC) machines, robotic manipulators, and

milling equipment as shown in Fig. 1.1. In addition, they are are also useful in beyond man-

ufacturing industry such as in aerospace, automotive and construction industries [1�3]. These

systems have several distinctive advantages including higher precision, reliability, and e�ciency,

in almost every application as compared to sliding lead screw systems [4]. Due to the multiple

transmission stages, the structure of the ball-screw system exhibits elasticity, resulting in slight

discrepancies between the actual movement and the input command. Therefore, achieving high

accuracy is crucial in motion control technology. Performance of these systems are based on

their accuracy during operations and accuracy can be evaluated based on the measurements at-

tained by the ability of table position to follow the desired positions. Accuracy can be divided

into tracking and contouring accuracies which are evaluated by the tracking and contouring

errors, respectively [5, 6]. Tracking error refers to the di�erence between desired and actual

position along each feed drive axis and contour error is the minimum distance between desired

and actual contour at the current time. Fig. 1.2 provides a detailed depiction of tracking

1



Chapter 1. Introduction 1.1. Background

Figure 1.1: Ball-screw driven manufacturing machines

and contour errors. Here, tracking errors are represented by ex and ey, and the actual con-

tour error is given as ec, for estimation purposes en is typically used as an estimate due to

complexities of its determination. To emphasis on energy consumption, the employed electric

motor driven systems consume the largest amount of electricity of any end use are more than

40% of global electricity consumption [7]. Feed drives are also motor driven systems and their

tasks performed are of repetitive nature. For instance, in a CNC milling machine, the ball-

screw feed drive system is responsible for moving the cutting tool back and forth across a work

piece, repeating this motion several times to achieve the desired shape and surface �nish. This

repetitive motion, while necessary for the operation of the machine, does lead to high energy

consumption with taking into fact the massive number of on-clock machines running all over

the world. Therefore, while the ball-screw feed drive systems are essential for many industrial

applications, their energy consumption is a signi�cant factor that must be taken into account

in the overall system design and operation. Strategies such as improving system e�ciency,

optimizing operational parameters, or even exploring alternative drive mechanisms could be

potential ways to address this issue. In conclusion, understanding the workings and dynamics

2
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Figure 1.2: Contour error estimation

of ball-screw feed drive systems is crucial in the �elds of mechanical and industrial engineering.

It allows for the development of more e�cient and sustainable machinery, contributing to the

broader goals of energy conservation and environmental protection.

1.2 Tracking control

The main goal for the feed drive type of applications is to achieve high tracking accuracy. This

is done by reducing the tracking error which is the di�erence between the desired and actual

position of the table. For high tracking feedback controllers are immensely preferred.

Cascade P�PI controller is widely used in machine tool servo systems applications. This con-

troller consists of a Proportional (P) component for the position feedback and a Proportional-

Integral (PI) component for the velocity feedback [8]. In particularly when implementation, the

servo gains for each component in the cascade controller are tuned by trial and error manner

while checking the actual behavior for best performance. Although its performance is limited.

Many scholars have researched on improving the limitations of the P-PI cascade controller

by inclusion of feedforward control to establish a robust feedback loop that will mitigate the

in�uence changes in the dynamics and non-linearities dependent on its position [9]. Nonlinear

3



Chapter 1. Introduction 1.2. Tracking control

model-based control approaches including model predictive control [10], sliding mode control

[11], model-reference adaptive control [12], and robust control [13] have been applied in the feed

drives to achieve high-performance in di�erent situations. The e�ectiveness of these control

approaches is signi�cantly dependent on the accuracy of their model parameters. Incorrect

or imprecise parameters can lead to sub-optimal performance. Therefore, ensuring parameter

accuracy is crucial for achieving high-performance control.

As a nonlinear control approach, Model predictive control (MPC) employs a feedback mecha-

nism to account for uncertainties in the model, state, and actuator constraints, according to

Schwenzer et al. [14]. Stephens et al. [15] proposed the integration of trajectory horizons

with control and prediction horizons in MPC to boost tracking accuracy. Modi�ed reference

trajectory for MPC was proposed by Yang et al. [16] for predicting errors o�ine in feed drive

systems. However, MPC requires a considerable amount of computational power, even to the

most straightforward applications.

In contrast to model-based methods, data-driven methods utilize measured data directly and

do not need precise parametric models. Li et al. [17] proposed a neural network based on long

short-term memory for the purpose of estimating errors and modifying reference trajectories.

A neural network controller using a back-stepping method for state and error approximation

was proposed by Xi et al. [18]. Data-driven methods are undoubtedly growing, but their �t

for real-time applications is still up for consideration, given the concerns of online computation

workload, network design, training methodologies, and issues related to control system stability.

In this thesis, SAC is opted for the requirement of meeting the high tracking performance.

SAC is a simpli�ed approach to the direct model referencing adaptive control as proposed by

Sobel et al. [19]. Researchers have been increasingly drawn to this technique over the past few

decades, largely due to its uncomplicated nature and the ease of its algorithm implementation

[20]. Furthermore, this control technique has the advantage of not requiring the full knowledge

of the systems dynamics to implement SAC [21].

4



1.3. Contouring control

1.3 Contouring control

In precision manufacturing, it is recommended to apply contouring control for multi-axis ap-

plications as it relates directly to the shape of the desired workpiece [22]. On the tracking

approaches [11, 23�25], the axial controllers are used to reduce the tracking error and thereby

indirectly reduce the resultant contour error. However, these approaches are limited to axial

tracking. The most signi�cant factor for the contouring performance of the motion systems is

the contour error which needs to be addressed directly.

High contouring accuracy is achieved by reducing or eliminating the contour error [26], which

is the shortest distance between the actual and desired contour as shown in Fig. 1.2. For the

contour error to be zero, each axis must perfectly track its respective reference trajectory. In

addition, the contour error is considered as one of the most signi�cant performance indicators

for a machine tool [27].

There is a substantial variety of approaches proposed by researchers to reduce or eliminate the

contour error. Koren [28] proposed Cross-coupled controller (CCC) to improve the contouring

accuracy of the biaxial systems. This is achieved by adding the correction control variables

from the computed contour error to each control loop. The application of CCC has been used

in variety of works including model predictive control [29], H∞ control [30], iterative learning

control [31], and terminal sliding mode control [32]. However, for the CCC to work e�ectively,

it requires the accurate estimation of the contour error. This can be di�cult to determine for

complex shapes.

A real-time novel contouring control for polar coordinate motion systems was proposed by Wang

et al. [33]. This method uses an iterative compensation to adjust the velocity and orientation

of the motion system based on the contour error and curvature information of the desired

trajectory. However, the method requires a high-performance real-time controller to implement

the iterative compensation algorithm with updating velocity and orientation simultaneously at

each sampling time.

Chiu and Tomizuka [34] proposed a task coordinate frame that moves along and rotates with

the desired contour so that control law can be decoupled into tangential and normal directions

of motion. Tangential velocity tracking approach was proposed by Ke et al. [35], this approach
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Chapter 1. Introduction 1.4. Objective of this study

uses task coordinate frame, which focuses on adjusting the actual velocity to the desired contour.

Tangential velocity tracking approach assumes that the tangential velocity equals the contour

velocity. However, there is a possibility of exceeding the maximum speed of the machine, which

is detrimental to the machine.

1.4 Objective of this study

On the basis of the description of the problem, the aim of this study is to develop and implement

simple adaptive control algorithms that improve the tracking and contouring performances of

industrial feed drive systems without the requirement of full knowledge to the plant parameters.

As mentioned on the previous section, high tracking and contouring accuracy of the feed drive

systems is highly in demand for high precision operations. Furthermore, the approach that

uses less energy is equivalent desirable for contributions to environmental, natural resources

and energy problems using model-free adaptive control strategy.

1.5 Thesis contributions and outline

1.5.1 Contributions

The main contributions of thesis are as follows:

■ The jerk-based Augmented output signal (AOS) is proposed for the feed drive system.

Speci�cally, SAC requires the plant to be ASPR for it to be applied. The ASPR property

is di�cult to be satis�ed in physical systems. The proposed method guarantees ASPR

property for the feed drive systems without altering the poles of the system. The jerk

signal is introduced for the AOS to further increase the responsiveness of the system.

■ Using the jerk-based augmented output signal, in terms of tracking accuracy, it is more

superior to the Parallel feedforward compensator (PFC) approach, which is the typical

method used. The proposed method modi�es the feedback signal of the system by includ-

ing the velocity, acceleration, and jerk signals to the plant's output, and relative gains are
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assigned to each signal. The high tracking accuracy is achieved by selecting the maximum

allowable values for the relative gains. This is veri�ed by simulations and experiments

with comparisons to the typical method of PFC.

■ Based on the energy-saving capability, the proposed method has smoother control input

than the PFC approach; this is due to the faster response achieved. by adding zeros

to the transfer function, while the PFC method adds poles and relocates zeros to the

system making the system response slow. In addition, the proposed method has little

or no e�ect on plant performance at high frequencies, in contrast to the PFC approach,

where signi�cant tracking deviations to the plant were observed.

■ Simple adaptive contouring control (SACC) for the bi-axial feed drive systems is pro-

posed. The SACC technique is designed by using SAC and following tangent-contour

control with the modi�ed reference adjustment for estimating the contour and tangent

errors. Reference adjustment is a coordinate transform-based methodology used to de-

couple tracking errors to tangent and normal components. The jerk-based augmented

output signal is used for the ASPR property. The addition of the jerk signal to the AOS

improves the response of the system resulting to a low steady-state error.

■ A modi�ed integral terminal sliding mode control is proposed for industrial feed drive

systems. This is accomplished by using SAC to construct the equivalent control for frac-

tional conventional integral terminal sliding mode control which will remove the problem

of unknown plant parameters and dynamics. In addition augmented output signal with

terminal sliding surface is used to derive the adaptive control law with switching corrective

control input gain to counteract the disturbances. Simulation and experiments were con-

ducted using the proposed approach compared to conventional approaches. The proposed

approach has shown to achieve higher tracking accuracy compared to the conventional

approaches under the same tracking conditions.

1.5.2 Design speci�cations

The main aim is to achieve zero steady-state error and fast transient response. This is accom-

plished by selecting the highest possible adaptation scaling factors for each controller to achieve

the relative goal. The characteristics for transient response are summarized including the rise

7
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time, which is the time for the system to respond from 10% to 90% of its �nal value, and

overshoot, percentage by which the response exceeds the desired value. In addition, settling

time is the time required for the response to stay within a certain percentage (commonly 2% or

5%) of the �nal value, along with peak time, de�ned as the time taken to reach the maximum

response and stability margin for unit step functions.

1.5.3 Outline

The remainder of this thesis is organized as follows: Chapter 2 presents fundamentals of simple

adaptive control for ASPR plants are described to set precedent for the following chapters.

Furthermore, the recent new concept of terminal at tractor inclusion to sliding mode and its

shortcoming is also discussed and dynamics of a ball-screw feed drive systems used for simulation

studies. Chapter 3 describes the use of jerk in augmented output signal feedback for ASPR

property for SAC implementation in the feed drive systems. The ASPR property guarantees the

stability of the ASPR property for the feed drive systems even when gains are high. The jerk

signal is introduced for the AOS to further increase the responsiveness of the system. Chapter 4

extends the study in Chapter 3 by considering contouring control which is highly recommended

for the feed drive applications and thus, Simple adaptive contouring control (SACC) is proposed.

Chapter 5 proposes a modi�ed SAC algorithm made of integral terminal sliding mode control

procedures for industrial feed drive systems. In this chapter a more e�ective scheme is developed

using augmented output signal. Chapter 6 presents conclusion and future works.
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Chapter 2

Literature review and preliminaries

2.1 Simple adaptive control

In this section, a basic concept of the SAC is viewed for the sake of brevity of discussions in the

following chapters. First, the command generator tracker Command generator tracker (CGT)

theory which is a basic theory on the SAC scheme is discussed. A su�cient condition, under

which the signals generated by the CGT are bounded. Almost strictly positive real (ASPR)

conditions for single-input/single-output (SISO) plants are also described. The SAC is a direct

model reference adaptive control based on the CGT theory. SAC adaptively adjusts parameters

in the CGT to have the ideal control input for unknown plants. The SAC also is a control

strategy based on the almost strictly positive realness (ASPR-ness) of the controlled plant.

Under the ASPR condition, the stability of the closed-loop system with output feedback. In

the SAC system, the feedback gain is required to ensure the stability of the control system is

also adaptively adjusted.

2.1.1 Command generator tracker

The idea was proposed by Broussard and O'Brien [36] for which the ideal control input achieves

perfect model output tracking with regard to a feedforward control problem. To understand
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Chapter 2. Literature review and preliminaries 2.1. Simple adaptive control

this concept, consider the following continuous linear time-invariant plant:

ẋ(t) = Ax(t) +Bu(t), (2.1)

y(t) = Cx(t) +Du(t), (2.2)

where x(t), u(t), and y(t) are vectors and A, B, C, and D are matrices appropriate size. It is

assumed that the pair (A,B) is controllable and the pair (A,C) is observable. Reference model

is used to specify a desired response of an adaptive control system to a command input. It is

essentially a command shaping �lter to achieve a desired command following. Adaptive control

is formulated as a command following or tracking control, the adaptation is operated on the

tracking error between the reference model and the system output. A reference model must be

designed properly for an adaptive control system to be able to follow. Typically, a reference

model is formulated as a linear time invariant model. The reference model order is designed

to match the nominal system combined with a compensator that meets system speci�cations.

Consequently, the reference model order should be at least equal to the plant's order. The

initial conditions for the reference model must be set so that the initial output vectors of both

the plant and the reference model are identical [37]. The model to be followed is represented as

ẋm(t) = Amxm(t) +Bmum(t), (2.3)

ym(t) = Cmxm(t) +Dmum(t), (2.4)

where xm(t), um(t), and ym(t) are vectors, respectively. The constant matrices Am, Bm, Cm,

and Dm are of appropriate size. The problem of determining the perfect tracking solution is

formulated as follows: develop a control u(t) that forces the command error ey(t) where

ey(t) =
[
C D

] [x(t)
u(t)

]
−
[
Cm Dm

] [xm(t)

um(t)

]
= y(t)− ym(t), (2.5)

to be zero for all t > 0, if ey(t) = 0. When the command error is zero for t > 0, and perfect

tracking occurs, the resulting plant state and control trajectories are denoted as x∗(t) and u∗(t).

By de�nition, x∗(t) and u∗(t) satisfy

y∗(t) =
[
C D

] [x∗(t)

u∗(t)

]
=

[
Cm Dm

] [xm(t)

um(t)

]
= ym(t), (2.6)
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which attempts to move the plant toward those "ideal trajectories" that would guarantee per-

fect tracking and the various "ideal trajectories" are de�ned for reference as those trajectories

that allow perfect tracking in ideal conditions, without disturbances. The exists, the ideal

trajectories have the form

ẋ∗(t) = Ax∗(t) +Bu∗(t), (2.7)

and the ideal control signal is

u∗(t) = K∗
xxm(t) +K∗

uum(t), (2.8)

for perfect following, the various gains in (2.7-2.8) must satisfy the assumption there exists Ωij

are solutions of the following expressions:[
x∗(t)

u∗(t)

]
=

[
S11 S12

K∗
x K∗

u

][
xm(t)

um(t)

]
, (2.9)

[
A B

C D

]−1

=

[
Ω11 Ω12

Ω21 Ω22

]
, (2.10)

provided the plant
{
A,B,C,D

}
is non-singular. Its worth mentioning that no eigenvalue of

Ω11 is equal to the inverse of an eigenvalue of Am and the condition[
S11 S12

K∗
x K∗

u

]
=

[
Ω11 Ω12

Ω21 Ω22

][
S11Am S11Bm

Cm Dm

]
, (2.11)

holds, K∗
x and K∗

u are the constant feedforward gain matrices and their solutions including S11

and S12 exists under the ASPR conditions [38, 39]. The ASPR conditions are given in detailed

in the next section.

2.1.2 Almost strict positive realness

The property of Almost Strict Positive Realness (ASPR-ness) for a plant is de�ned by the

presence of an output feedback that makes the closed-loop transfer function a Strictly positive

11
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real (SPR). For the SAC adaptive algorithm, it requires for the plant to be SPR when con-

structing the Lyapunov function, which guarantees the stability of the entire adaptive system.

The Almost strict positive real (ASPR) characteristic of the plant is a more lenient requirement

than SPR. Its worth noting that ASPR transfer functions remain stable under any high-gain

positive de�nite feedback, whether its either �xed, nonlinear, or non-stationary.

ASPR condition for single-input-single-output plants [37]:

1. The relative degree of the plant transfer function is not exceeding unity,

2. The plant transfer function is stable and minimum-phase,

3. The leading coe�cient of the plant transfer function is positive.

2.1.3 Control adaptive algorithm

If an `ideal' solution for the �xed gains that perform perfect tracking exists, adaptive algorithms

can be implemented to reach ideal gains after adaptation. In the CGT methodology, one forms

the following `ideal control' input to the plant:

u∗(t) = K∗
e(ym(t)− y(t)) +K∗

xxm(t) +K∗
uum(t), (2.12)

where K∗
e is any stabilizing gain, while K∗

x and K∗
u are the ideal feedforward control gains to

track the model perfectly when it moves along the ideal trajectories x∗
p(t). Otherwise, there

is a state error ex(t) between the desired trajectory and the actual plant trajectory given as

e∗x(t) = x∗(t)− x(t) and from state error, the tracking error can be de�ned as

ey(t) = ym(t)− y(t) = Cx∗(t) +Du∗(t)−Cx(t)−Du(t), (2.13)

ey(t) = Cex(t) +D(u∗(t)− u(t)), (2.14)

As it is di�cult to realize full knowledge about the plant parameters, an adaptive algorithm can

be used to implement the control gains. The constructed SAC system is shown in Fig. 2.1. The

constant ideal gains in (2.12) are replaced with time-varying adaptive gains that are calculated

12



2.1. Simple adaptive control

Figure 2.1: Overall block-diagram of SAC architecture

by an adaptive algorithm as follows:

u(t) = Ke(t)ey(t) +Kx(t)xm(t) +Ku(t)um(t), (2.15)

u(t) = K(t)r(t), (2.16)

with

K(t) =
[
Ke(t) Kx(t) Ku(t)

]
, (2.17)

r(t) =
[
eTy (t) xT

m(t) uT

m(t)
]T
, (2.18)

using the measurable tracking error ey(t) and available signals, the adaptive gain is adjusted

as proportional and integral terms as follows:

K(t) = KI(t) +Kp(t), (2.19)

with integral term adjusted as

K̇I(t) = ey(t)r
T(t)ΓI , (2.20)

KI(0) = KI0, (2.21)

ΓI =


ΓeI 0 0

0 ΓxI 0

0 0 ΓuI

 , (2.22)
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where KI0 is the initial integral gain and the proportional adaptive gain is given as

Kp(t) = ey(t)r
T(t)Γp, (2.23)

Γp =


ΓeP 0 0

0 ΓxP 0

0 0 ΓuP

 , (2.24)

the matrices ΓI and Γp are time-invariant weighting matrices that control the rate of adaptation

to the tracking error convergence. In addition, the proportional gain has the e�ect of increasing

the rate of convergence of the system towards perfect tracking. The partitioned matrices are

given as

Ke(t) = KIe(t) +Kpe(t), (2.25)

Kx(t) = KIx(t) +Kpx(t), (2.26)

Ku(t) = KIu(t) +Kpu(t), (2.27)

where

K̇Ie(t) = ey(t)e
T

y (t)ΓeI ,ΓeI > 0, (2.28)

Kpe(t) = ey(t)e
T

y (t)ΓeP ,ΓeP ≥ 0, (2.29)

K̇Ix(t) = ey(t)x
T

m(t)ΓxI ,ΓxI > 0, (2.30)

Kpx(t) = ey(t)x
T

m(t)ΓxP ,ΓxP ≥ 0, (2.31)

K̇Iu(t) = ey(t)u
T

m(t)ΓuI ,ΓuI > 0, (2.32)

Kpu(t) = ey(t)u
T

m(t)ΓuP ,ΓuP ≥ 0, (2.33)

The �rst term, Ke(t)ey(t) in (2.15) is required for the stability of the adaptive control system.

The other two terms are introduced because of their contribution to the performance of the

adaptive system, expressed by the negative terms in the derivative of the Lyapunov function.

The proportional term is known to add an immediate penalty to the large errors driving them

to small errors very fast [40]. The integral gain given in (2.20) is used to guarantee convergence.

The stability proofs of SAC formulation and theorems in great detail are shown in [37]. Barkana

[39] proved that the adaptive gains are made up of constant terms and of converging, diverging,
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or steady sinusoidal waves bounded. SPR systems are designed to maintain stability in adaptive

systems, even with large gains. This allows for very high adaptation to be used as scaling factors,

ensuring that the negative terms are weighted more heavily, which signi�cantly reduces tracking

errors. However, the gains can also become excessively or undesirably large.

2.1.4 Parallel feedforward compensator

The boundedness of all signals in the SAC system are guaranteed under the ASPR condition.

However, most actual plants do not satisfy the ASPR condition. Hence this condition imposes

a severe restriction on the plant with respect to the practical applicability of SAC. With this in

mind Bar-Kana [41] �rst suggested that the non-ASPR plant can be made ASPR by implement-

ing a PFC F (s) on the plant. That is, if the plant is stabilized by a suitable dynamic output

compensator F (s)−1 and the gain of F (s) can be selected small enough, then the augmented

plant with PFC becomes ASPR and SAC is applied for the thus obtained augmented plant is

obtained. However, its shown that PFC at low frequencies is relative small that the condition

between the augmented output and actual plant is small compared to the high frequencies [42].

The PFC con�guration can be designed with only simple �rst-order pole with low gain [43].

Higher-order PFC system with relative degree of 1 tends to possess more complex dynamics

due to additional poles and the presence of the zeros can in�uence the transient response, po-

tentially adding an overshoot or altering the initial slope of the response. However, because the

relative degree is 1, there is a similarity to the �rst-order system on how the system eventually

responds to a step input, particularly in the long-term behavior.

2.2 Integral terminal sliding mode control

In recent years, Integral terminal sliding mode control (ITSMC) has demonstrated impressive

control performance. The signi�cant features of integral terminal sliding mode control are

better robustness and fast response with �nite-time convergence. Finite-time convergence of the

tracking errors and integral errors is obtained by integral terminal sliding mode control without

the singular problem in comparison with conventional terminal sliding mode control [44]. The

concept of terminal sliding mode was introduced by a notion of the use the terminal attractors
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which is a �rst-order dynamics with fractional-power. Consider the following dynamical model

given as

ẋ(t) = Ax(t) + bu(t) + bd(t), (2.34)

where x(t) is an np th-order plant state vector, u(t) is the control input, A and b are ma-

trix and vector of appropriate dimensions, respectively. d(t) denotes the disturbances, which

satisfy |d(t)| ≤ d̄, where d̄ > 0 has a constant. The state error e(t) = xd(t) − x(t) =[
ey(t) ėy(t) , . . . , e

np−1
y (t)

]T
, (xd(t), the desired state vector), then the sliding mode sur-

face is designed as follows:

ez(t) = cTe(t), (2.35)

where c =
[
c1 c2 , . . . , cnp

]T
is the slope of the sliding surface. It is chosen that cnp = 1

and the coe�cients c1, . . . , cnp−1 describe the sliding surface at ez(t) = 0. The integral terminal

sliding function s as follows:

s(t) = ez(t) + βeIz(t), (2.36)

where ez(t) is with (2.35), and eIz(t) can be designed as

ėIz(t) = sign(ez(t))|ez(t)|χ, (2.37)

ėIz = sign(ez)|ez|χ, (2.38)

where β > 0, 0 < χ < 1, for any initial condition ez(0), ez(t) will converge to zero in the �nite

time given by

ts = β−1(1− χ)−1|ez(0)|1−χ, (2.39)

the reaching time ts is adjustable using the parameters χ and β. Sliding functions (2.35 - 2.36)

compose a recursive form ITSM. Given a proper control input to maintain s(t) = 0, the system

will move along the sliding surface s(t) = 0 and then ez(t) = 0 to the origin in �nite time,
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respectively. The process of sliding mode control is divided into two phases, the approaching

phase with s(t) = 0 and the sliding phase with s(t) = 0. A su�cient condition to guarantee

that the trajectory of the error vector e(t) will translate from the approaching phase to the

sliding phase is to select the control strategy such that

s(t)ṡ(t) ≥ −η|s(t)|, (2.40)

where η is a constant specifying the converging rate of s(t), condition (2.40) is called the

reaching condition [45]. Corresponding to the two phases, two types of control law can be

derived separately. In the sliding phase, s(t) = 0 and ṡ(t) = 0 , then the equivalent control

ueq(t), which will force the system dynamics to stay on the sliding surface at d(t) = 0, is chosen

as

ṡ(t) = ėz(t) + βėIz(t),

= cT
[
ẋd(t)−Ax(t)− bueq(t)

]
+βsign(ez(t))|ez(t)|χ,

= cTẋd(t)− cTAx(t)− cTbueq(t) + βsign(ez(t))|ez(t)|χ,

= 0. (2.41)

the equivalent control law ueq(t) is given by

ueq(t) = (cTb)−1
[
cTẋd(t)− cTAx(t) + βsign(ez(t))|ez(t)|χ

]
, (2.42)

ueq = (cTb)−1
[
cTẋd − cTAx+ βsign(ez)|ez|χ

]
, (2.43)

in the approaching phase, where s(t) ̸= 0, in order to satisfy the reaching condition (2.40), a

corrective control term (or the so-called switching function) (un(t)) is added. The corrective

control can be chosen as

un(t) = Kssign(s(t)), Ks = (cTb)−1ks, ks ≥ d̄+ η, (2.44)

where Ks is the switching gain. The control input will be designed in the following form:

u(t) = ueq(t) + un(t). (2.45)
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Figure 2.2: Feed drive system structure

The main disadvantage of this approach is the di�culty in calculating equivalent control law

ueq(t) in (2.43) of ITSMC as it requires thorough knowledge of the controlled plant parameters

and dynamics. In this thesis, the ITSMC law is modi�ed by using SAC for equivalent control

law and neglecting the need for plant parameters and dynamics. For the sake of clarity, the

time index t will be removed from this point on and used only when necessary.

2.3 Industrial feed drive systems

Most industrial feed drive systems are driven by ball-screw transmission mechanisms. A

schematic diagram of the mechanical structure of a ball-screw feed drive system is shown in

Fig.2.2 (a), and its physical two mass lumped-mass model is illustrated in Fig.2.2 (b). A rotary

motor drives a ball-screw to realize linear motion of the table. Because of their simple structure
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2.3. Industrial feed drive systems

transmission components, most ball-screw feed drives are �exible, and their attainable posi-

tioning accuracy is limited by structural vibrations [46]. The drive system generates the motor

torque u and transmits it to the moving table via the ball-screw, to achieve a high-precision

position control of the table. The equation of motion for the concentrated mass model is written

as:

maẍa = u− caẋa − c(ẋa − ẋe)− k(xa − xe), (2.46)

meẍe = −ceẋe − c(ẋe − ẋa)− k(xe − xa) (2.47)

where ma and me denote motor and table inertia, whereas k and c are spring and viscous

damping coe�cients. ca and ce depict viscous friction originating from guide ways and bearing

systems. Furthermore, where xa and xe are the motor and table displacements. u is the control

signal. Equations (2.46) and (2.47) are converted to state-space form by selecting of four states.

In typical ball-screw setups, motor and table positions and velocities are measured from rotary

and scale systems [9]. Select the state vector as x =
[
xe ẋe xa ẋa

]T
yields the following

state-space system:

ẋ =


0 1 0 0
−k
me

−c−ce
me

k
me

c
me

0 0 0 1
k
ma

c
ma

−k
ma

−c−ca
ma

x+


0

0

0
1
ma

u. (2.48)

Equation (2.48) is assumed to be both controllable and observable. Industrial feed drive systems

typically use collocated control schemes for higher stability margins [47]. This strategy ensures

that the motor follows the reference position command precisely, and it is assumed that the table

follows the motor accurately. This representation is used in the coming chapters for simulation

purposes. Experimental veri�cation is completed by an industrial feed drive system represented

by schematic diagram shown in Fig. 2.3 with AC servo motor speci�cations described in Table.

2.1.
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Axis 2 motor 

drive
Axis 1 motor 

drive

Pulse 

Counter

Computer

D/A

Converter

2-axis Table

Control 

Signals

Encoder Pulse

Signals

Encoder

Coupling

Ball screw

Figure 2.3: Schematic diagram for the industrial feed drive system

Table 2.1: AC Servo motor overview

Speci�cation 1st axis 2nd axis

Power capacity 200 W 400 W

Rated torque 0.637 Nm 1.27 Nm

Rated rotation speed 3000 rpm 6000 rpm

Encoder 17bit incremental 17bit incremental

Linear resolution 76.29 nm 76.29 nm
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Chapter 3

Simple adaptive control using a jerk-based

augmented output signal

This chapter proposes the use of jerk-based augmented output signal for the ASPR property in

SAC implementation for industrial feed drive systems. The application of the SAC requires that

the �almost strictly positive real (ASPR)� property is satis�ed and there is a command general

tracking solution for the plant and the reference model. The ASPR property is di�cult to be

satis�ed in physical systems. The proposed approach allows the SAC to track the desired signal

at high frequencies more precise and is achieved by placing the zeros of the system at e�ective

locations. To verify the feasibility of the proposed approach, simulation and experiment are

conducted. The results are compared with those of the commonly used parallel feedforward

compensation (PFC) approach. Experimental results revealed that the proposed approach

reduced the tracking error by about 80% compared to PFC without any additional control

input. Moreover, the proposed approach has been proved to be energy-e�cient by about 21%

than PFC under similar tracking conditions.

In this chapter, the jerk signal is introduced for the augmented output signal to improve the

responsiveness of the system, and apart from the ASPR property, other merits of the proposed

method are higher tracking accuracy, the proposed method is superior to the PFC approach.

The proposed method modi�es the feedback signal of the system by including the velocity,

acceleration, and jerk signals to the plant's output and constant relative gains are assigned to
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Chapter 3. Simple adaptive control using a . . . 3.1. Related works

each signal, respectively. The high tracking accuracy is achieved by selecting the maximum

allowable values for the relative gains. Furthermore, the proposed method has little or no e�ect

on plant performance at high frequencies, in contrast to the PFC approach, where signi�cant

tracking deviations to the plant were observed. In addition, the proposed method has smoother

control input than the PFC approach, this is due to the faster response achieved by adding

zeros to the transfer function while the PFC method adds poles and relocate zeros to the system

making the system response slow.

This chapter is organized as follows: Section 3.1 presents the related works. A dynamic model

of system is presented in section 3.2. Design of SAC is described in section 3.3, followed by

simulation and experiment in section 3.4. Section 3.5 discusses results, followed by concluding

remarks in section 3.6.

3.1 Related works

To successfully apply the SAC to a real system, a compound general tracking (CGT) solution

and the �almost strictly positive real (ASPR)� property are required to be satis�ed [42]. The

typical dynamic models used in ball-screw control applications are second and fourth-order

models that are not ASPR. Therefore, other methods are needed to meet the ASPR requirement.

The parallel feedforward compensation (PFC) method was introduced by Bar-Kana [41] to make

the system ASPR. Many applications of the SAC have employed the PFC [20, 48, 49]. However,

the PFC approach deviates the output signal from the desired which increases the tracking error.

There have been numerous proposals for improving the situation by researchers. Sato et al.

[50] proposed a null space steady-state tracking error making the PFC output zero, leaving the

augmented system output in a steady state. However, the approach is associated to have with

a spike in the control variable and stability is not fully analyzed. Adaptive PFC with a �lter

and the radial basis function is proposed in [51] for the ASPR property on unstable systems.

Despite the robustness of the work in [51] there is still a lag on tracking error performance.

Guan et al. [52] proposed a data driven principal component analysis with the PFC approach

to increase performance of the output feedback for the strictly passive systems. However, the

tracking error has not been signi�cantly reduced. Harada and Uchiyama [53] proposed robust

simple adaptive control with friction compensation using the augmented output signal with
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3.2. Dynamic model

position and velocity information for the ASPR property. Sato and Uchiyama [54] proposed an

approach of the SAC using augmented output signal with position, velocity, and acceleration

information for the ASPR property using accelerometer for acceleration and encoder for position

measurement. The results of these studies have shown a considerable improvement in tracking

accuracy of the feed drive system.

3.2 Dynamic model

A two-mass lumped model as shown in Fig. 3.1 is used to represent a dynamic model for

industrial feed drive systems, and its state-space model is described as follows:

ẋp = Apxp + bpup, (3.1)

yp = cTp xp + dpup, (3.2)

with

Ap =


0 1 0 0
−g
me

−c−ce
me

g
me

c
me

0 0 0 1
g
ma

c
ma

−g
ma

−c−ca
ma

 , (3.3)

bp =
[
0 0 0 1/ma

]T
, (3.4)

xp =
[
xe ẋe xa ẋa

]T
, (3.5)

cp =
[
1 0 0 0

]T
, (3.6)

dp = 0, (3.7)

where ma and me are the actuator and table masses, respectively. The masses are connected by

a damper (viscous friction coe�cient c) and a spring (spring constant g). The masses ma and

me are subjected to viscous friction coe�cients ca and ce, respectively. The output of the feed

drive system is the position of the table mass me. State variables xe and ẋe are the position

and velocity of the table, respectively. xa and ẋa are the state variables of the position and

velocity of the actuator, respectively. fa is the control input of the model.
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me
 fa ma

xa xe

ca ce

c

g

Figure 3.1: Two-mass lumped model

3.3 Design of simple adaptive control

3.3.1 Preliminaries

This section considers the SAC for an unknown single-input and single-output plant. The SAC

implementation requires a compound general tracking (CGT) solution and ASPR property in

a plant [55]. A reference model is de�ned as

ẋm = Amxm + bmum, (3.8)

ym = cTmxm + dmum, (3.9)

where xm ∈ Rnm , ym ∈ R, and um ∈ R are the states, output, and input, respectively. Am,

bm, cm, and dm correspond to systems matrix, input vector, output vector, and feed through

coe�cient, respectively.

The reference model de�nes the desired system behavior. It is necessary for the order of a

reference model to be equal or larger than that of a plant to ensure perfect tracking. When the

plant is considered as the mass lumped model, the reference model is considered to be set with

the dimension of np + 1, where np is the order of the plant model. Input um is assumed to be

bounded and piece-wise continuous.

The perfect output tracking occurs when yp = ym for t ≥ 0, there exists an ideal plant with

corresponding ideal states x∗
p, input u

∗
p, and output y∗p for which state space representation is

given as

ẋ∗
p = A∗

px
∗
p + b∗

pu
∗
p, (3.10)

y∗p = c∗p
Tx∗

p + d∗pu
∗
p. (3.11)
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A∗
p, b

∗
p, c

∗
p, and d

∗
p are the ASPR plant matrix, vector with appropriate dimensions and scalar,

respectively. Since xm and um are of arbitrary in nature, by selecting the stable and correct

coe�cients of the characteristic equation, the CGT condition can be satis�ed [37]. The ideal

output is identical to output of the reference model given as

y∗p = ym, (3.12)

[
c∗p

T d∗p

] [x∗
p

u∗p

]
=

[
cTm dm

] [xm

um

]
, (3.13)

with tracking error de�ned as ey = ym− yp, then the following control input was proposed [37]:

up = keey + kT

xxm + kuum. (3.14)

The regressor vector r and adaptive gains k are de�ned as

r =
[
ey xT

m um

]T
, (3.15)

k =
[
ke kT

x ku

]T
. (3.16)

The adaptive gains are combination of integral and proportional terms as

k = kp + kI , (3.17)

on which

kp = Γprey, (3.18)

k̇I = ΓIrey − ξkI , ξ ≥ 0. (3.19)

Γp and ΓI are the positive semi-de�nite and positive de�nite matrices, respectively. The adap-

tive control law (3.14) is given by

up = kTr, (3.20)
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A system G(s) is said to be ASPR if there exists a gain k∗e that makes a closed loop transfer

function become Z(s) = G(s){1+ k∗eG(s)}−1 �strictly positive real (SPR)�. If Z(s) is SPR then

Z−1(s) is strictly stable. The su�cient conditions for a system to be ASPR are given as follows

[37]:

1. The plant must have the relative degree of 0 or 1.

2. The plant must be minimum-phase.

3. The highest frequency gain of the plant must be positive.

The plant (3.1) in s-domain has a relative degree of 3 and condition 1 is not satis�ed. A static

feedback only cannot stabilize the plant, and hence approaches for the ASPR are presented as

follows.

3.3.2 PFC approach for ASPR property

Figure 3.2 shows a stable PFC controller F (s) placed parallel with plant Gp(s) sharing the same

control input up. This gives an extended system Ga(s) = Gp(s) + F (s) and the closed loop

system becomes Z(s) = Gp(s)F
−1(s){1 + Gp(s)F

−1(s)}−1. Adding the stabilizing controller

F (s) leads to output signal ya(s) = {Gp(s) + F (s)}up(s), F (s) must have a relative degree of

1. This ensures the augmented plant Ga(s) results to a relative degree of 1, hence the ASPR

property is satis�ed.

3.3.3 AOS approach for ASPR property

The augmented output signal (AOS) is another approach to ensure the ASPR property is

achieved for mass lumped models. The AOS with position and velocity signals for industrial

feed drive system is used to achieve the ASPR property [53]. In this approach, a single-mass

lumped model with a relative degree of 2 was considered for the design and the AOS with

position and velocity signals was applied, resulting in an augmented system with a relative

degree of 1 that satis�es the ASPR property. In addition, the AOS with position, velocity, and

acceleration signals using a two-mass lumped model for the industrial drive system is considered

to meet the ASPR property [54]. This study extends the augmented output signal approach for
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Figure 3.2: Parallel feedforward compensation approach

the ASPR property by including the position, velocity, acceleration, and jerk signals (Jerk-based

AOS) from the plant as shown in Fig. 3.3. The jerk signal improves the system responsiveness

and the plant becomes ASPR with a relative degree of 0. The transfer function with jerk-based

AOS is given by

Gp =
(cs+ g)(1 + λ1s+ λ2s

2 + λ3s
3)

σ1s4 + σ2s3 + σ3s2 + σ4s+ σ5
, (3.21)

with

σ1 = mame, (3.22)

σ2 = c (ma +me) + came + cema, (3.23)

σ3 = g (ma +me) + cca + cce + cace, (3.24)

σ4 = gca + gce, (3.25)

σ5 = 0. (3.26)

Where s is the variable of Laplace transform. On this case it is assumed that 1+λ1s+λ2s
2+λ3s

3

is Hurwitz stable polynomial. The jerk-based AOS for the plant is given as

ypa = yp + λ1 ˙̂yp + λ2 ¨̂yp + λ3
...
ŷ p, (3.27)

yma = ym + λ1ẏm + λ2ÿm + λ3
...
y m. (3.28)

The signals ˙̂yp, ¨̂yp, and
...
ŷ p are estimated derivatives of yp and the signals ẏm, ÿm, and

...
y m are

calculated derivatives of ym. Hence, the augmented error signal given as

ea = ey + λ1ėy + λ2ëy + λ3
...
e y. (3.29)

27



Chapter 3. Simple adaptive control using a . . . 3.3. Design of simple adaptive control

Figure 3.3: Jerk-based augmented output signal approach

The velocity, acceleration, and jerk signals are required in equations (3.20-3.29). These signals

are obtained using the Kalman �lter design [56].

3.3.4 State estimation

The proposed approach requires higher-order derivatives of the table position, namely velocity,

acceleration and jerk states for the controller implementation. The discrete derivation method

ampli�es the existing noise in the measured position values to higher-order derivatives. There-

fore, the kinematic model using Taylor series can be used in industrial feed drive systems for

the higher-order derivatives estimation [57]. In addition, the kinematic model is not a�ected

by system dynamics or modeling inaccuracies. The kinematic model is given in discrete-state
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space model as

xe(k + 1) =


1 Ts T 2

s /2 T 3
s /6

0 1 Ts T 2
s /2

0 0 1 Ts

0 0 0 1


︸ ︷︷ ︸

Φk

xe(k), (3.30)

y(k) = cTk xe(k), (3.31)

ck =
[
1 0 0 0

]T
, (3.32)

where Ts is the sampling time of the control loop at the kth sample. Φk is the kinematic state

transition matrix. ck is the state measurement vector. xe and y are the state vector and the

measured value at the kth sample, respectively. The state observer is designed to use table

position measurement and state vector estimate x̂e by two iterative steps of the Kalman �lter

procedure as

x̂−
e (k) = Φkx̂e(k − 1), (3.33)

P−
k (k) = ΦkPk(k − 1)ΦT

k +Qk, (3.34)

where Pk,P
−
k , and x̂−

e are the current predicted estimate uncertainty matrix, prior predicted

estimate uncertainty matrix, and prior state vector estimate at the kth sample, respectively.

Qk is the constant process noise covariance matrix which is obtained by

Qk = ΦkJΦ
T

k ,J = diag{0, 0, 0, σ2
j}, (3.35)

where σ2
j is the random variance in jerk. Equations (3.30 - 3.34) and (3.35) summaries the

prediction step which is essential for the process, and then followed by correction step which is

given as

kk(k) = P−
k (k)hk(h

T

kP
−
k (k)hk + rk)

−1, (3.36)

x̂e(k) = x̂−
e (k) + kk(k)[y(k)− hT

k x̂
−
e (k)], (3.37)

Pk(k) = P−
k (k)− kk(k)h

T

kP
−
k (k), (3.38)
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where kk is the Kalman gain vector at the kth sample. hk is the constant observation vector

which is the same as ck. rk is the measurement noise covariance coe�cient. The values rk and

σ2
j are selected by trial and error manner to achieve best performance. Initial values are also

assigned to Pk.

3.3.5 Stability analysis

The stability analysis of the SAC with the PFC approach have been presented [49, 50, 58]. This

subsection provides a stability proof of the SAC with the jerk-based AOS system. The proposed

method alters the output of the system making ypa = (cp+ δcp)
Txp+ dpup = c∗p

Txp+ d∗pup. δcp

is de�ned by

δcp =
[
0 λ1 λ2 λ3

]T
. (3.39)

Lyapunov function candidate is de�ned as

V = eTxPex + tr
{
ST(kI − k̃)TΓ−1

I (kI − k̃)S
}
, (3.40)

where P and ΓI are the positive de�nite symmetric matrix and positive de�nite matrix, re-

spectively. S is the non-singular matrix and k̃ is unspeci�ed vector. The time derivative of V

is given as

V̇ = ėTxPex + eTxPėx + 2tr
{
STk̇T

I Γ
−1
I

[
kI − k̃

]
S
}

(3.41)

The augmented output error is given as ea = cTpcex − dp[k − k̃]Tr. The state error is given by

ex = x∗
p − xp and its derivative is given by ėx = Apcex − bpc[k− k̃]Tr+m. As d∗p exist for this

design, passivity relation for �strict positive realness� conditions [37] are given as

PApc +AT

pcP = −Q− LTL < 0, (3.42)

PBpc = cTpc − LTW, (3.43)

dpc + dTpc = WTW, (3.44)
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where L, W, and Q are positive de�nite. Perfect tracking of the plant to reference model is

possible when disturbances are not considered. The perfect tracking requires y∗p = ym condition

is met. The ideal state and input correspond to the state and input of the reference model as

x∗
p = Xxm + uum, (3.45)

u∗p = k̃T

xxm + k̃uum, (3.46)

where X and u are the time-varying coe�cient matrix and vector with appropriate dimensions.

k̃x and k̃u are the constant vector and parameter, respectively. Introducing the terms A∗
px

∗
p +

b∗
pu

∗
p−A∗

px
∗
p−b∗

pu
∗
p into derivative of x

∗
p, and substituting the term ẋm from (3.8) into ẋ∗

p leads

to

ẋ∗
p = A∗

px
∗
p + b∗

pu
∗
p + [Ẋ+XAm −A∗

pX−

b∗
pk̃

T

x ]xm + [Xbm + u̇−A∗
pu− b∗

pk̃u]um + uu̇m. (3.47)

The state error is de�ned as ex = x∗
p − xp and its derivative ėx = ẋ∗

p − ẋp. The system

dynamics (3.1) derives the states of position and velocity for the actuator and table. Thus,

a di�erent representation is required to provide accessibility to the higher-order derivatives of

table position [59]. Substituting ẋ∗
p from (3.47) and ẋp from (3.1) into state error derivative,

the equation becomes

ėx = A∗
pex + b∗

p(u
∗
p − up) +m, (3.48)

where m is assumed to be globally bounded and contains the rest of the terms, which is

considered to vanish upon the following two conditions are satis�ed [37]:

[Xc∗p + k̃xd
∗
p − cm]

Txm + [c∗p
Tu+ d∗pk̃u]um = 0, (3.49)

[Ẋ+XAm −A∗
pX− b∗

pk̃
T

x ]xm + [Xbm + u̇−A∗
pu− b∗

pk̃u]um + uu̇m = 0, (3.50)

for this case, the conditions (3.49) and (3.50) hold. Adding and subtracting b∗
pk̃eea into (3.48)

leads to

ėx = A∗
pex − b∗

pk̃eea − b∗
p[k− k̃]Tr. (3.51)
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The augmented error signal is de�ned as ea = yma − ypa given as

ea = c∗p
Tx∗

p + d∗pu
∗
p − c∗p

Txp − d∗pup, (3.52)

where c∗p is from (3.39). Substituting u∗p from (3.46) and up from (3.14) into (3.52) leads to

ea = cTpcex − dpc[k− k̃]Tr, (3.53)

where cpc = c∗p
T(1 + d∗pk̃e)

−1. Hence, substituting (3.53) into (3.48) lead to

ėx = Apcex − bpc[k− k̃]Tr, (3.54)

where Apc = A∗
p − b∗

pk̃e(1 + d∗pk̃e)
−1c∗p

T and bpc = b∗
p − b∗

pk̃e(1 + d∗pk̃e)
−1d∗p. Substituting ėx

from (3.54) and k̇I from (3.18) and replacing ey with ea into (3.40) gives

V̇ =
[
Apcex − bpc[k− k̃]Tr

]T
Pex + eTxP

[
Apcex − bpc[k− k̃]Tr

]
+

2tr
{
ST

[
kI − k̃

]
Γ−1

I

[
ear

TΓI − ξkT

I

]
S
}
, (3.55)

from equation (3.17) and replacing ey with ea; kI = k− kp = k− Γprea, (3.55) leads to

V̇ = eTx
(
AT

pcP+PApc

)
ex − bT

pc[k− k̃]rTPex − eTxPbpc[k− k̃]Tr

+eTa [k− k̃]rSTS+ rT[k− k̃]TeaS
TS− 2eTa ear

TrΓpS
TS

−2ξtr
{
[kI − k̃]Γ−1

I kT

I S
TS

}
. (3.56)

The passivity relations (3.42 - 3.44) into (3.56) and constraint on the output matrix cpc =

(STS)−1(bT

pcP) + LTW, leads to

V̇ = −eTxQex − eTxL
TLex

−cTpc[k− k̃]rTexS
TS+ LTW[k− k̃]rTex

−cTpce
T

x [k− k̃]TrSTS+ LTWeTx [k− k̃]Tr

+cTpce
T

x [k− k̃]rSTS− dTpc[k− k̃]TrT[k− k̃]r

+cpcexr
T[k− k̃]TSTS− dpc[k− k̃]rT[k− k̃]Tr

−2eTa ear
TrΓpS

TS− 2ξtr
{
[kI − k̃]Γ−1

I kT

I S
TS

}
. (3.57)

32



3.3. Design of simple adaptive control

The third and �fth terms cancel with the seventh and ninth terms, respectively and with the

choice of k = k̃ which is required for implementation, rearranging the equation (3.57) becomes

V̇ = −eTxQex − eTxL
TLex − 2eTa ear

TrΓpS
TS

−2ξtr
{
ST[kI − k̃]k̃TΓ−1

I S
}
− 2ξtr

{
ST[kI − k̃]T[kI − k̃]Γ−1

I S
}
. (3.58)

Introducing non-negative coe�cients β1, β2, β3..., β6 leads to

V̇ ≤ −β1∥ex∥2 − β2∥ea∥4 − β3∥ea∥2∥xm∥2 − β4∥ea∥2∥um∥2 − β5∥kI − k̃∥

−β6∥kI − k̃∥2, (3.59)

thus, V̇ ≤ 0 is shown which guarantees all signals (namely, ex, kI and ea) are bounded. Since

V in (3.40) is lower bounded and V̇ is negative semi-de�nite, to apply the Barbalat's lemma

requires V̇ to be uniformly continuous. The derivative of V̇ is

V̈ = −2ėTxQex − 2ėTxL
TLex −

−4ėTa ear
TrΓpS

TS− 4eTa eaṙ
TrΓpS

TS

−2ξtr
{
STk̇I k̃

TΓ−1
I S

}
−2ξtr

{
ST[kI − k̃]Γ−1

I k̇T

I S
}
. (3.60)

The derivative of ex from (3.54); ėx = Apcex when k = k̃ is selected and as ex is shown to be

bounded from (3.59), then ėx is also bounded. The augmented tracking error ea is bounded

from (3.59) and its derivative is given as ėa = cTpcėx with k = k̃ selected for implementation,

and since ėx is shown to be bounded, then ėa is also bounded.

It is assumed that the reference signals um and u̇m are bounded and piece wise continuous, thus

the state xm is bounded. This in turn implies from (3.8) that ẋm and ym are also bounded.

The regressor vector r on this design contains signals ea, xm, and um which are all bounded and

their derivatives ėa, ẋm, and u̇m are also bounded, making the regressor derivative ṙ bounded.

The derivative of integral gain term from (3.19); k̇I = ΓIrea − ξkI , the signals ea and kI are

bounded from (3.59) and r is bounded and thus, the term k̇I is bounded. This shows that V̈ is
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bounded, hence V̇ is uniformly continuous and the Barbalat's lemma can be applied. Lyapunov

candidate derivative becomes negative semi-de�nite as the derivation shown (3.59). According

to Barbalat's lemma,

lim
t→∞

ex = 0,

is guaranteed and all signals in the closed-loop system are bounded. In other words, perfect

tracking is achieved.

3.4 Simulation and experiment

3.4.1 Conditions

To verify the e�ectiveness of the proposed controller, comparative simulation and experiment

were conducted with the reference trajectory:

ym = 10 sin
( π

0.875
t
)
mm, (3.61)

and the reference model is given as

ẋm =



0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

2p −8p2 8p3 −2p4 p5


xm +



0

0

0

0

1


um, (3.62)

where p is a negative real pole. For the reference model, states vectors xm and derivatives in

(3.62) are known, and hence the control variable um is available. The plant parameters and

controller values are given in Tables 3.1 and 3.2, respectively. The following ASPR imposing

controllers are composed:

� Parallel feedforward compensation (PFC),

� Augmented output signal with velocity and acceleration information (AOS-v-a),

� Jerk-based augmented output signal (AOS-v-a-j).
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3.4. Simulation and experiment

Table 3.1: Plant parameters

Parameter Values

Ll 0.01 m

MI 1.16×10−5 kgm2

BI 5.57×10−5 kgm2

CI 7.92×10−5 kgm2

me 88.08 Ns2/m

c 535.20 Ns/m

g 36.58 N/m

ce 172.81 Ns/m

ca 384.38 Ns/m

The common PI control is also included for evaluation. In addition, the disturbance term

45.7 sin(rand(10)) N is added to the control input, and Coulomb friction 44.5 N equivalent

magnitude as in [60] is also added. Here, rand(10) refers to a random number from 1 to 10.

Industrial feed drive system is actuated by rotational motor that has inertia consists of rotor,

ball-screw shaft, and coupling. The equivalent mass of an actuator is given as

ma =
4π2(MI +BI + CI)

L2
l

, (3.63)

where Ll is the lead of the ball nut, MI , BI , and CI are the motor inertia, ball-screw inertia,

and coupling inertia, respectively [54]. PFC is designed as a �rst-order transfer function given

as

F (s) =
D

s+ 1/α
, D, α > 0. (3.64)

F (s) brings a di�erence between the original and augmented plant and gain D is important to

be set small to provide the ASPR property.
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Table 3.2: Simulation control parameters

Parameter Values

p −1.5

ξ 10−4

D 10−3

α 0.4

ΓP ,ΓI

PFC, AOS-v-a : diag{1011, 1,
1, 1, 10−1, 10−1, 10−1}

AOS-v-a-j : diag{1012, 1,
1, 1, 10−1, 10−1, 10−1}

λ1,λ2,λ3
AOS-v-a: 10−4s, 10−7s2, 0

AOS-v-a-j: 10−4s, 10−7s2, 10−10s3

Table 3.3: Experimental control parameters

Parameter Values

p −1.5

ξ 10−4

D 10−3

α 0.4

ΓP

PFC : 3.3× diag{103, 1, 10−2, 10−4, 10−6, 10−8, 10−10}
AOS-v-a : 4.5× diag{104, 10, 10−1, 10−3, 10−5, 10−7, 10−9}
AOS-v-a-j : 6.0× diag{104, 10, 10−1, 10−3, 10−5, 10−7, 10−9}

ΓI PFC, AOS-v-a, AOS-v-a-j : diag{103, 1, 10−2, 10−4, 10−6, 10−8, 10−10}

λ1,λ2,λ3
AOS-v-a: 10−3s, 10−6s2, 0

AOS-v-a-j: 10−4s, 10−6s2, 10−11s3

3.4.2 Experimental setup

To test the e�cacy of the suggested controllers, an industrial feed drive system in Fig. 2.3 was

employed. This system uses a ball-screw mechanism powered by an AC servo motor. A rotary

encoder with a resolution of 76.29 nm was attached in the feed drive to measure the actual

position of the table at a 0.35 ms sampling time. Energy consumption was measured using a

power analyser (HIOKI 3390) connected to the motor driver with values obtained at a 50 ms
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Figure 3.4: Simulation results; (a) Input voltage and (b) Tracking error

data interval update. The feed drive is connected to a personal computer (OS:Ubuntu 15.04

64 bit operating system in Xenomai 3.0 real time framework, CPU: 3.50 GHZ, RAM: 8 GB)

for control purposes. Using C/C++ programming environment the control law in (3.20) with

the ASPR imposed methods were implemented. The control parameters given in Table 3.3 are

used, and adaptive gains Γp and ΓI were selected by trial manner until best performance was

obtained. For AOS-v-a and AOS-v-a-j, the Kalman �lter in (3.30-3.38) was implemented with

σ2
j and Rk selected as 1014 and 0.002 mm, respectively.

3.4.3 Simulation results

Figure 3.4 shows simulation results on tracking performance and control input voltage for all

controllers. The PI controller was tuned using MATLAB Simulink® to achieve best assigned

gains, P gain: 44152 N/mm and I gain: 112 Ns−1/mm. However, the results were inferior

compared to SAC and its imposing methods, maximum error is around 71.6 µm. The AOS
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Figure 3.5: Simulation results; (a) Adaptive Gains (Integral) for tracking error (b) Adaptive

Gains (Proportional); (i) SAC-PFC (ii) SAC-AOS-v-a (iii) Proposed

based controllers show better and stable performance in simulation compared to the PFC ap-

proach. To further analyze the e�ectiveness of the proposed method, AOS-v-a-j was compared

with AOS-v-a3 . The proposed AOS-v-a-j demonstrated better tracking accuracy results that

required less input than the AOS-v-a. Fig. 3.5 shows error proportional and integral adaptive

gains for all controllers. The proposed AOS-v-a-j displayed faster adaptation with less con-

trol input to reach the ideal gains for perfect tracking as compared to the PFC and AOS-v-a,

respectively. To further understand performances on the three systems, Fig. 3.6 shows the

frequency property of the plant, plant with PFC and plant with the proposed method. The

proposed AOS-v-a-j has less e�ect than the PFC at high frequencies.

3.4.4 Experimental results

An experiment was performed with the sinusoidal trajectory given in (3.61) to evaluate the

tracking error and energy-saving capability of the proposed controller. Two objectives were

sought to be ful�lled as follows: the �rst objective was to con�rm the tracking e�ectiveness of
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Figure 3.6: Bode plot of original plant, plant with PFC, and plant with AOS-v-a-j

the proposed method (AOS-v-a-j) by comparing it to the PFC and AOS-v-a, and the second

objective was to con�rm the energy-saving capability under similar tracking conditions.

3.4.4.1 Tracking error perspective

Adaptive gains were tuned to achieve the best output performance. The proposed AOS-v-a-j

was more robust in incorporating high gains compared to the AOS-v-a and PFC. This led to

faster response and higher tracking capabilities. The experimental data was analyzed on the

steady state starting from 0.3 s by removing transient state. The results are plotted on Fig. 3.7

(a) and (b) showing tracking error and control input voltage, respectively. P and I gains are
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Figure 3.7: Experimental results; (a) Tracking error, (b) Control input variable, and (c)

Absolute mean tracking error

4500 N/mm, and 100 Ns−1/mm, respectively, adjusted from simulation which exhibits inferior

performance clearly. The same experiment design was repeated 10 times for each control scheme

in which energy consumption was measured and control input variance was calculated using

σ2 =

∑N
j=1(uj − µ)2

N
, (3.65)

where uj represents the control input value at the j
th sampling instant, N is the total number

of samples (j = 1, 2...N) and µ is the average of all control values. The results for the mean

tracking error of 10 trials are presented in Fig. 3.7 (c). Equivalent results of energy-saving and
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Figure 3.8: Experimental results; (a) Energy consumption, and (b) Control input variance

Figure 3.9: Experiment results; (a) Adaptive gains (Integral) for tracking error (b) Adaptive

gains (Proportional); (i) SAC-PFC (ii) SAC-AOS-v-a (iii) Proposed
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Figure 3.10: Experimental results; (a) Mean tracking error, (b) Energy consumption, and

(c) Control input variance

control input variance for 10 trials are presented in Fig. 3.8 (a) and (b), respectively. Both

results show the proposed AOS-v-a-j has the capability in achieving higher tracking accuracy

with no extra energy required when compared to the PFC and AOS-v-a. Adaptive gains behav-

ior for Fig. 3.7 (a) and (b) is presented in Fig. 3.9. These results show the proposed AOS-v-a-j

performed much better when compared to the PFC and AOS-v-a without any additional elec-

trical energy. The proposed AOS-v-a-j reduced mean tracking error by 80.17% when compared

to the PFC and also reduced mean tracking error about 51.25% compared to AOS-v-a. Under

the same results the proposed AOS-v-a-j provided better energy-saving capabilities by about

10.32% when compared to the PFC and 1.67% to AOS-v-a. In addition, the proposed AOS-v-a-j
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Figure 3.11: Single-sided amplitude spectrum for velocity error signals, acceleration error

signals and jerk error signals ; (a) Tracking error using discrete derivation, (b) Tracking errors

using kinematic model with Kalman �lter

showed the lowest control input variance when compared to the PFC and AOS-v-a by around

11.32% and 4.90%, respectively. PI controller displayed an average of mean tracking error of

0.2453 mm after selection of e�ective gains by trial and error manner.

3.4.4.2 Energy-saving perspective

For the same reference trajectory, all controllers were tuned to achieve a similar tracking error.

Tracking error was decided to be achieved around 130µm for a total of 10 trials as shown in Fig.

3.10 (c). Fig. 3.10 (a) and (b) show that the proposed AOS-v-a-j performed better by attaining

the assigned tracking error with minimum energy consumption and control input variance. In

terms of energy-saving, the proposed AOS-v-a-j saved by about 21.74% when compared to the

PFC and 7.48% to AOS-v-a. Further comparison, the proposed AOS-v-a-j has around 45.19%

lower control input variance compared to the PFC and 10.67% to AOS-v-a.
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Chapter 3. Simple adaptive control using a . . . 3.5. Discussion

3.5 Discussion

In general, PFC is the most common method used to attain ASPR property [20, 48�50] and

AOS-v-a is a recent approach proposed in our group [54] to attain it. AOS-based controllers

perform better compared to the PFC in terms of tracking error and energy-saving capability.

The proposed AOS-v-a-j gives additional zeros to the system in the accurate locations, which

makes the system faster in the transient response and achieves a smaller steady-state error.

Fig. 3.11 shows the comparison of velocity error, acceleration and jerk error signals single-sided

amplitude comparison of using discrete derivation and using kinematic model with Kalman �lter

design. This design signi�cantly reduce the magnitude of the error signals across the frequency

spectrum, especially at higher frequencies, indicating improved tracking performance. This

is because, the kinematic model is not a�ected by system dynamics or modeling inaccuracies

and the Kalman �lter design provides optimal, noise-reduced, and model-based estimates that

are continuously updated. These augmented error signals are used in AOS-v-a-j and AOS-v-a.

Figs. 3.5 and 3.9 show the adaptive gains for simulation and experimental results, respectively,

and they have similar behaviors. The PI controller was seen to retain large tracking error, and

has a certain limitation of performance. Furthermore, the frequency response on Fig. 3.6 aims

to show the deviation of the augmented plant of PFC, the augmented plant with AOS-v-a-j

especially on higher frequencies. The e�ciency of the adaptive control diminishes with higher

deviation.

Fig. 3.12 shows the FFT of the open-loop system identi�cation using , highlighting the am-

plitude of vibrations across di�erent frequencies, with notable peaks indicating resonances.

The bottom graph presents the FFT results for three closed-loop control algorithms: PFC,

AOS-v-a, and the Proposed method. These results demonstrate the e�ectiveness of the control

algorithms in reducing the error magnitude across the frequency spectrum, where the Proposed

method achieves the lowest error, indicating superior vibration suppression and better control

performance.

shows the frequency response of the error signal obtained using di�erent control methods,

analyzed through Fast Fourier Transform approach. The frequency range extends up to 2500

Hz, showing how the error amplitude varies across frequencies for each approach. PFC approach
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Figure 3.12: Single-sided amplitude spectrum for tracking error signals for all controllers

exhibits higher oscillations and a slower decay in the low-frequency range compared to the AOS-

v-a and proposed approach. Proposed approach shows the lowest error amplitude across all

frequencies, indicating superior performance in minimizing oscillations. This suggests that the

proposed approach e�ectively suppresses high-frequency oscillations, leading to a more stable

response.

3.6 Summary

Simple adaptive control with a jerk-based augmented output signal is proposed for the ASPR

property, which achieves high tracking accuracy and low control input for the industrial feed

drive system. The e�ectiveness of the proposed control scheme is veri�ed by simulation and

experiment. The proposed method shows better performance in simulation compared with the

parallel feedforward compensation approach and acceleration-based augmented output signal.

Two cases are considered for the experiment: the �rst case demonstrates the e�ectiveness

of the proposed jerk-based augmented output signal in reducing the tracking error, and the

second case demonstrates the proposed approach in terms of energy-saving capability. In the

�rst case, the mean tracking error was reduced by about 80% compared to the conventional

approach of parallel feedforward compensation and by 51% to the acceleration-based augmented

output signal without additional electrical energy. For the second case, under similar tracking
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conditions, the energy consumption and control input variance were reduced by about 21% and

45% compared to the parallel feedforward compensation approach and by about 7% and 11%

to the acceleration-based augmented output signal, respectively.
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Chapter 4

Simple adaptive contouring control using

a jerk-based augmented output signal

This chapter proposes simple adaptive contouring control (SACC) using jerk-based augmented

output signal for the ASPR property. Implementation of the SAC technique requires that

the �almost strict property real (ASPR)� property is satis�ed which guarantees the stability

of the controlled system even when adaptive gains are high. SACC is designed by following

the tangent-contour control scheme while using the SAC technique to enhance the contouring

accuracy. In addition, jerk-based augmented output signal ensures that the ASPR property

is met and allows the SACC to track accurately the desired contour at high frequency. The

simulation analysis and experimental validation are provided to illustrate the e�ectiveness of

the proposed technique. The proposed contouring approach achieves lower contour error and

energy consumption by about 45%, and 3% respectively, as compared to the most common

parallel feedforward compensation approach.

This chapter is organized as follows: Section 4.1 describes the related works. Dynamic model

of the plant is presented in section 4.2. Design of SACC is described in section 4.3, followed by

simulation and experiment in section 4.4. Section 4.5 discusses results, followed by concluding

remarks in section 4.6.
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4.1 Related works

Reference adjustment approach was proposed by Uchiyama et al. [61] to estimate the contour

error. The approach uses task coordinate frame to allow decoupling of the tangent and normal

components to modify the reference trajectory in estimating the contour error. In addition,

the approach allows for high contouring control performance with low control input variance.

Mohammed et al. [62] proposed sliding mode contouring control using nonlinear sliding surface

and used the modi�ed reference adjustment approach in parametric trajectory to estimate the

contour error. Despite the robustness and high accuracy of these works [61, 62], they depend on

model parameters that requires occasional identi�cation periodically to ensure their continued

e�ectiveness.

Adaptive robust controllers are known to improve the contouring performance of motion systems

when combined with coordinate transform-based methodologies [63�65]. Nonetheless, these

controllers require a dense identi�cation process for certain parameters. SAC is known for its

simple structure, ease of implementation, and the ability to track systems with uncertain and

time-varying parameters [37]. With SAC, only output data is required, whereas in adaptive

controllers, full state estimates are required. In addition, while most adaptive controllers need

dense system identi�cation, a system of any degree can be used as the reference model for SAC.

However, to apply SAC requires a plant to have the �almost strict positive real (ASPR)� property

and a compound generated tracker solution should be realized. The ASPR property ensures

that SAC is stable and can achieve asymptotic tracking even when adaptive gains are high

[66]. Typically, the most common approach for achieving the ASPR property of a system is the

addition of parallel feedforward compensation (PFC) to the plant. The addition of PFC ensures

the system stability, but the control performance may deteriorate due to parallel structures [66].

There has been substantial works to increase the performance of using PFC design. Takagi and

Mizumoto [67] proposed a PFC design using di�erential evolution in selecting the required

parameters, though the method still hold the same parallel structure design.

Augmented output signal (AOS) approaches are proposed [53, 54, 68, 69], where the higher-order

derivatives of the plant output are independently assigned relative gain and used as feedback

for control purposes. This chapter proposes simple adaptive contouring control (SACC) for

the biaxial feed drive systems. The SACC is designed by combining SAC and tangent-contour
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Figure 4.1: Two-mass lumped model

control using the modi�ed reference adjustment which is a coordinate transform-based method-

ology. The jerk-based augmented output signal is used for the ASPR property. The addition of

the jerk signal to the AOS improves the response of the system resulting to a low steady state

error.

4.2 Dynamic model

Feed drive dynamics are generally represented by the fourth-order system [47, 70] as shown in

Fig. 4.1 given in the following state space representation:

ẋp = Apxp +Bpup, (4.1)

yp = Cpxp +Dpup, (4.2)
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with

Ap =



0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0
−k1
me1

0 −c1−ce1
me1

0 k1
me1

0 c1
me1

0

0 −k2
me2

0 −c2−ce2
me2

0 k2
me2

0 c2
me2

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1
k1
ma1

0 c1
ma1

0 −k1
ma1

0 −c1−ca1
ma1

0

0 k2
ma2

0 c2
ma2

0 −k2
ma2

0 −c2−ca2
ma2


, (4.3)

xp =
[
qe1 qe2 q̇e1 q̇e2 qa1 qa2 q̇a1 q̇a2

]T
, (4.4)

Bp =

[
0 0 0 0 0 0 1

ma1
0

0 0 0 0 0 0 0 1
ma2

]T

, (4.5)

up =
[
fa1 fa2

]T
, (4.6)

Cp =

[
1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

]
, (4.7)

Dp =

[
0 0

0 0

]
. (4.8)

In s-domain the state space above follows open-loop transfer functions expressed as

[
qe1

qe2

]
=

[
c1s+k1
Q1(s)

0

0 c2s+k2
Q2(s)

][
fa1

fa2

]
, (4.9)

50



4.2. Dynamic model

���������

��	ℎ

Σ�∗
	�
∗

��
∗

��

��

��

��

Σ�

��
��

�	

���������

���	���

��	���

��	ℎ

��	��� ����	���

Σ�

�	

Σ� 	�
��

	�

��

�� ℎ�∗

��

Figure 4.2: Contour error de�nition

with

Qi(s) = σ0is
4 + σ1is

3 + σ2is
2 + σ3is+ σ4i, (4.10)

σ0i = maimei, (4.11)

σ1i = ci (mai +mei) + caimei + ceimai, (4.12)

σ2i = ki (mai +mei) + cicai + cicei + caicei, (4.13)

σ3i = kicai + kicei, (4.14)

σ4i = 0, i(= 1, 2), (4.15)

where s is the variable in the Laplace transform. mai and mei are the actuator and table masses

of the ith axis, respectively. The masses are connected by a damper (viscous friction coe�cient

ci) and a spring (spring constant ki) of the i
th axis. The masses mai and mei are subjected to

viscous friction coe�cients cai and cei, respectively.
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Figure 4.3: Block diagram of the TCC scheme for a biaxial control system

4.2.1 Estimation of contour error

In biaxial feed drive systems, the contour error can be de�ned by using local and �xed frame-

works [65] as shown in Fig. 4.2. Tracking error is the di�erence between the actual position

and desired position for each axis given as

ew =
[
ew1 ew2

]T
= rd − qe, (4.16)

where rd is the desired reference position vector and qe is the actual table position vector.

Contour error ec is the minimum distance between the reference contour and actual contour.

Real-time contour error can be estimated using the modi�ed reference adjustment method [62].

This method decouples the tracking error to tangent and normal components. This is achieved

by introducing local coordinate framework
∑

F to the point rd and formulate directional vectors

tr and nr. The vectors tr and nr are computed as follows:

tr =
[
tr1 tr2

]T
=

ṙd
∥ṙd∥

, ṙd ̸= 0, (4.17)

nr =
[
nr1 nr2

]T
=

ṫr

∥ṫr∥
, r̈d ̸= 0. (4.18)
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The transformed tracking error vector from local coordinate is given as

eL =
[
et en

]T
= FTew, (4.19)

F =

[
tr1 nr1

tr2 nr2

]
. (4.20)

The normal component en can be considered as an approximate estimate of ec. However, when

dealing with complex shapes that have high curvature, the estimate may become unrealistic. To

reduce the estimation error, tangential error et value is assumed to be the same as the distance

between desired position rd and point rs. Furthermore, it is assumed that the velocity along

the contour matches the desired velocity. The time required to traverse along et is given as

td =
et

∥ṙd∥
, ṙd ̸= 0. (4.21)

A new local coordinate frame
∑

F̃ is attached at rs and instantaneous time t̃ = t − td which

formulate the vectors t̃r and ñr are given as

t̃r =
[
t̃r1 t̃r2

]T
= tr(t̃), (4.22)

ñr =
[
ñr1 ñr2

]T
= nr(t̃). (4.23)

The corresponding error vector components from transformed
∑

F̃ local coordinate framework

is given as

eL̃ =
[
et̃ eñ

]T
= F̃Tew, (4.24)

F̃ = F(t̃). (4.25)

Transforming the error vector eL̃ into a new local coordinate frame
∑

F∗ , the transformed error

vector becomes

eL∗ =
[
et∗ en∗

]T
= F̃Tew + h∗, (4.26)

h∗ =
[
0 hn∗

]
= Jh̃, (4.27)

h̃ = F̃T[rd(t̃)− rd(t)]. (4.28)
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where J = diag{0, 1}. On this design the normal component en∗ is considered as an accurate

estimate of the contour error.

4.3 Design of simple adaptive contouring control

4.3.1 Preliminaries

Compound generated tracker (CGT) solution and a plant with ASPR property are required

for SAC implementation [55]. In addition, SAC requires a stable reference model. A reference

model is given as

ẋm = Amxm +Bmum, (4.29)

ym = Cmxm +Dmum, (4.30)

where xm ∈ Rnm , ym ∈ Rm, and um ∈ Rm are the state, output, and input vectors, respectively.

Am, Bm, Cm, and Dm correspond to system matrix, input matrix, output matrix, and feed

through matrix, respectively.

Reference model input um is assumed to be bounded and piece-wise continuous such that u̇m,

ẋm, and ym are also bounded. The plant (4.9) has a relative degree of 3, hence it is not ASPR.

A plant is known to be ASPR when the following conditions are met; plant should have a

relative degree of 0 or 1, plant should be minimum-phase, and the highest frequency gain of

the plant must be positive. Therefore, other methods are required to make the plant ASPR.

Perfect tracking is achieved when yp = ym for t ≥ 0, there exists an ideal model with state x∗
p,

input u∗
p, and output y∗

p vectors, given in the following state space representation:

ẋ∗
p = A∗

px
∗
p +B∗

pu
∗
p, (4.31)

y∗
p = C∗

px
∗
p +D∗

pu
∗
p, (4.32)

where A∗
p, B

∗
p, C

∗
p, and D∗

p are the ASPR plant matrices with appropriate dimensions. Since

xm and um are of arbitrary in nature, by selecting the stable and correct coe�cients of the
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characteristic equation, the CGT condition can be satis�ed [37]. The ideal output is identical

to output of the reference model given as

y∗
p = ym, (4.33)

[
C∗

p D∗
p

] [x∗
p

u∗
p

]
=

[
Cm Dm

] [xm

um

]
, (4.34)

with tracking error de�ned as ew = ym−yp, and the following control input was proposed [37]:

uυ =
[
uυ1 uυ2

]T
= Kewew +Kxmxm +Kumum, (4.35)

uυ = Kwr, (4.36)

with

Kw =
[
Kew Kxm Kum

]
, (4.37)

r =
[
eTw xT

m uT

m

]T
. (4.38)

Kw is a matrix with appropriate dimensions. The adaptive gain matrix is a combination of

�proportional� and �integral� terms; Kw = Kpw +KIw and their adaptation laws are given as

Kpw = ewr
TΓpw, (4.39)

K̇Iw = ewr
TΓIw − ζKIw. (4.40)

Γpw and ΓIw are block diagonal matrices. Γpw contains the matrices ΓPew,ΓPxm, and ΓPum. ΓIw

contains matrices ΓIew,ΓIxm, and ΓIum, respectively. In addition, these matrices are positive

semi-de�nite and positive de�nite, respectively, used to adjust the adaption rate of the control

gains. The integral adaptive gain is needed for stability and asymptotic tracking of the adaptive

system [38]. The stability proofs in [37] show that the proportional gain a�ects the rate of

convergence of the system towards perfect tracking. The term ζ in (4.40) is used to avoid

divergence of the integral gains in the presence of disturbances.

55



Chapter 4. Simple adaptive contouring . . . 4.3. Design of simple adaptive contouring . . .

4.3.2 Contouring control

The coordinate conversion and deconversion is required to establish contouring control using the

Tangent-contouring control (TCC) scheme [71]. The matrix F̃ in (4.25) is used for conversion

and its transpose is used for deconversion as shown in Fig. 4.3. The conversed control input is

computed as

uL =
[
uL1 uL2

]T
= KeLF̃

T

ewew +KxLF̃
T

xmxm +KuLF̃
T

umum = KΛr, (4.41)

where KeL ∈ Rm×m, KxL ∈ Rm×nm , and KuL ∈ Rm×m are matrices with appropriate dimen-

sions. F̃ew, F̃xm, and F̃um are block diagonal matrices with F̃ repeated m/2, nm/2, and m/2

times, respectively. The deconversion control input to the plant is given as follows:

up =
[
up1 up2

]T
= ΛTuL = KΛTΛr, (4.42)

up = KeLew +KxLxm +KuLum, (4.43)

with

Λ =
[
F̃T

ew F̃T

xm F̃T

um

]
, (4.44)

K =
[
KeL KxL KuL

]
= KpL +KIL, (4.45)

Λ is the block diagonal matrix with appropriate dimensions. The terms KxLxm and KuLum in

(4.43) are used in the contouring control input only because of their important contribution to

the performance of the adaptive system, expressed by the negative terms in the derivative of

the Lyapunov function [40]. The �proportional� and �integral� terms of the conversed adaptive

laws as

KpL = eL∗rTΛTΓpL, (4.46)

K̇IL = eL∗rTΛTΓIL − ζKIL, (4.47)

ΓpL and ΓIL are block diagonal matrices. ΓpL is positive semi-de�nite matrix contains matrices

ΓPeL,ΓPxL, and ΓPuL, respectively. ΓIL is positive de�nite contains matrices ΓIeL,ΓIxL, and

ΓIuL, respectively.
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Figure 4.4: PFC design

Figure 4.5: Jerk-based AOS design

4.3.3 ASPR property

A typical approach of attaining ASPR property is to introduce the PFC design to the plant

as shown in Fig. 4.4 [41]. The stable compensator Ei(s) is added parallel to the plant Gpi(s)

using the same control input upi of the i
th drive axis. The plant becomes augmented with

transfer function Gfi(s) = Gpi(s) +Ei(s) and the augmented output yai = {Gpi(s) +Ei(s)}upi.
The relative degree of Ei(s) can be designed with relative degree of 1 which will also make

augmented plant have a relative degree of 1. PFC can be designed as a �rst-order transfer

function given as

Ei(s) =
Di

s+ αi

, Di, αi > 0. (4.48)

Ei(s) brings a di�erence between the original and augmented plant, the gain Di and pole

αi is selected to make the augmented plant Gfi ≈ Gpi. It is important that the condition
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Gfi(s) ≈ Gpi(s) holds to ensure tracking. The augmented tracking error from PFC design is

given by

eaf =
[
eaf1 eaf2

]T
= ym − (yp + yf ) = ew − yf , (4.49)

where yf is the PFC output and from tracking error de�nition ew = ym − yp. The eaf is used

for the tracking control. For the contouring, the transformed augmented output error vector

eLf∗ =
[
eLf1∗ eLf2∗

]T
is computed as follows

eLf∗ = F̃Tew + h∗ − F̃Tyf . (4.50)

The error terms ew and eL∗ are replaced by eaf and eLf∗ in (4.36-4.47), respectively.

Another approach for the ASPR property is the jerk-based AOS as shown in Fig. 4.5. This

method introduces a third order polynomial Hi(s) = 1 + λ1is+ λ2is
2 + λ3is

3 for the ith axis to

the plant. The augmented plant becomes

Gai(s) =
(cis+ ki)Hi(s)

Qi(s)
, (4.51)

where, the values of λ1i, λ2i, and λ3i are constants selected to make the polynomials Hurwitz

stable. Expanding the augmented plant (4.51) becomes

Gai(s) = Gpi(s) + λ1isGpi(s) + λ2is
2Gpi(s) + λ3is

3Gpi(s), (4.52)

this brings to the augmented output signal of

qb = qe + λ1q̇e + λ2q̈e + λ3
...
q e. (4.53)

where λ1 = diag{λ11, λ12}, λ2 = diag{λ21, λ22}, and λ3 = diag{λ31, λ32}. Jerk-based AOS

requires the reference model to have at least the same order as the plant and in turn the vector

H(s) is applied to the reference model. This leads to an augmented reference output signal

given as

qm = ym + λ1ẏm + λ2ÿm + λ3
...
y m, (4.54)
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and the augmented output error is de�ned as

ea =
[
ea1 ea2

]T
= qb − qm. (4.55)

The ea formulation is used for the tracking approach. For the contouring approach, the trans-

formed augmented output error requires higher-order derivatives of eL∗ to de�ne the AOS.

These derivatives are computed as follows:

ėL∗ = ˙̃FTew + F̃Tėw + ḣ∗, (4.56)

ëL∗ = ¨̃FTew + 2 ˙̃FTėw + F̃Tëw + ḧ∗, (4.57)
...
e L∗ =

...
F̃

T

ew + 3¨̃FTėw + 3 ˙̃FTëw + F̃T ...e w +
...
h

∗
. (4.58)

The transformed augmented output error is given as

eLa∗ = eL∗ + λ1ėL∗ + λ2ëL∗ + λ3
...
e L∗ . (4.59)

The error terms ew and eL∗ are replaced by ea and eLa∗ in (4.36-4.47), respectively.

4.3.4 State observer

Jerk-based AOS requires the higher-order derivatives of the table positions which are velocity,

acceleration, and jerk. Using discrete derivation method to obtain these signals may produce

unreliable results when the signals contain noise. Kinematic model using Taylor series with

Kalman �lter design can be used to estimate the higher-order derivatives [57]. The kinematic
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model is given in the discrete-state space model as

qp(k + 1) =



1 0 Ts 0 T 2
s /2 0 T 3

s /6 0

0 1 0 Ts 0 T 2
s /2 0 T 3

s /6

0 0 1 0 Ts 0 T 2
s /2 0

0 0 0 1 0 Ts 0 T 2
s /2

0 0 0 0 1 0 Ts 0

0 0 0 0 0 1 0 Ts

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1


︸ ︷︷ ︸

Φk

qp(k), (4.60)

y(k) =

[
1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

]
︸ ︷︷ ︸

Ck

qp(k), (4.61)

where Ts is the sampling time of the control loop at the kth sample. Φk is the kinematic state

transition matrix. Ck is the state measurement matrix. qp and y are the state vector and

measured values at the kth sample, respectively. The state observer is designed to use table

position measurements and state vector estimate q̂p by two iterative steps of the Kalman �lter

procedure as

q̂−
p (k) = Φkq̂p(k − 1), (4.62)

P−
k (k) = ΦkPk(k − 1)ΦT

k +Qk, (4.63)

where Pk,P
−
k , and q̂−

p are the current predicted estimate uncertainty matrix, prior predicted

estimate uncertainty matrix, and prior state vector estimate at the kth sample, respectively.

Qk is the constant process noise covariance matrix is obtained as

Qk = ΦkJkΦ
T

k ,Jk = diag{0, 0, 0, 0, 0, 0, σ2
j1, σ

2
j2}, (4.64)

where σ2
j1 and σ

2
j2 are the random variance in jerk for each axis, respectively. Equations (4.60 -

4.63) and (4.64) summaries the prediction step which is essential for the process, and followed
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by correction step which is given as

Kk(k) = P−
k (k)H

T

k (HkP
−
k (k)H

T

k +Rk)
−1, (4.65)

q̂p(k) = q̂−
p (k) +Kk(k)[y(k)−Hkq̂

−
p (k)], (4.66)

Pk(k) = P−
k (k)−Kk(k)HkP

−
k (k), (4.67)

where Kk is the Kalman gain matrix at the kth sample. Hk is the constant observation matrix

which is the same as Ck. Rk is the measurement noise covariance matrix. The values Rk, σ
2
j1

and σ2
j2 are selected by trial and error manner to achieve best performance. Initial values are

also assigned to Pk.

4.3.5 Error dynamics

The perfect tracking occurs when the y∗
p = ym condition is met. The ideal state x∗

p and input

u∗
p corresponds to linear combination of the state and input of the reference model given by

x∗
p = S11xm + S12um, (4.68)

u∗
p = K∗

xLxm +K∗
uLum, (4.69)

where S11 and S12 are the time-varying coe�cient matrices. K
∗
xL andK∗

uL are constant matrices.

Derivative of x∗
p is given by

ẋ∗
p = Ṡ11xm + S11ẋm + Ṡ12um + S12u̇m. (4.70)

From (4.29), ẋm = Amxm+Bmum, expanding the above equation with addition and subtraction

of A∗
px

∗
p +B∗

pu
∗
p it becomes

ẋ∗
p = A∗

px
∗
p +B∗

pu
∗
p +

(
Ṡ11 −A∗

pS11 + S11Am −B∗
pK

∗
x

)
xm

+
(
S11Bm −B∗

pK
∗
u + Ṡ12 −A∗

pS12

)
um + S12u̇m. (4.71)

The state error is given by ex = x∗
p − xp and its derivative is given as

ėx = ẋ∗
p − ẋp. (4.72)
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Substituting ẋ∗
p from (4.71), ẋp from (4.31), then add and subtract the term B∗

pK
∗
eLea leads to

ėx = A∗
pex +B∗

p(u
∗
p − up) +B∗

pK
∗
eLea −B∗

pK
∗
eLea + z, (4.73)

where z contains the rest of the terms, which is considered to vanish upon the following two

conditions are satis�ed [37]:

(
C∗

pS11 +D∗
pKxL −Cm

)
xm +

(
C∗

pS12 +D∗
pKuL

)
um = 0, (4.74)(

Ṡ11 + S11Am −A∗
pS11 −B∗

pK
∗
xL

)
xm +

(
S11Bm + Ṡ12 −A∗

pS12 −B∗
pK

∗
uL

)
um

+S12u̇m = 0, (4.75)

for this case, the conditions (4.74) and (4.75) hold. Substituting the transformed ideal control

input u∗
p from (4.69), control input up from (4.43), and rotation matrix property; ΛΛT = I into

(4.73) and de�ning unknown desired constant matrix with desired values,K∗ =
[
K∗

eL K∗
xL K∗

uL

]
,

leads to

ėx = A∗
pex −B∗

pK
∗
eLea −B∗

p[K−K∗]r. (4.76)

The augmented output error between ideal model and the plant can also be represented as

ea = Cpcex +Dpc[K−K∗]r, (4.77)

with

Cpc = C∗
p(I+D∗

pK
∗
eL)

−1, (4.78)

Dpc = D∗
p(I+D∗

pK
∗
eL)

−1, (4.79)

C∗
p =

[
1 0 λ11 0 λ21 0 λ31 0

0 1 0 λ12 0 λ22 0 λ32

]
. (4.80)

The state error derivative from (4.76) can also be de�ned as

ėx = Apcex −Bpc[K−K∗]r, (4.81)

62



4.3. Design of simple adaptive contouring . . .

with

Apc = A∗
p −B∗

pK
∗
eLCpc, (4.82)

Bpc = B∗
pK

∗
eLDpc −B∗

p. (4.83)

The transformed state error is given as xL = NTΛTNex, N represents the transformation

matrix, whose derivative is given as

ẋL = NTΛTNėx +NTΛ̇TNex. (4.84)

By substituting the state error derivative from (4.84), this brings to

ẋL = ApcxL −NTΛTNBpc[K−K∗]r+NTΛ̇TNex. (4.85)

Hence, using the transformed error dynamics, the stability can be analysed.

4.3.6 Stability analysis

Lyapunov function candidate is de�ned as

V = xT

LPxL + tr
{
ST(KIL −K∗)Γ−1

IL(KIL −K∗)TS
}
, (4.86)

where P and ΓIL are the positive de�nite symmetric matrix and positive de�nite matrix, re-

spectively. S is the non-singular matrix. The derivative of V is given as

V̇ = ẋTLPxL + xT

LPẋL + 2tr
{
ST(KIL −K∗)Γ−1

ILK̇
T

ILS
}
. (4.87)
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Substituting ẋL from (4.85), K̇IL from (4.47) with eL∗ is replaced by eLa∗ , and KIL = K −
eLa∗r

TΛTΓpL into V̇ , it becomes

V̇ = xT

L(A
T

pcP+PApc)xL

−NTNBT

pc[K−K∗]TΛrTPxL

−xT

LPNTΛTNBpc[K−K∗]r

−2STSeTLa∗rΛΓpLeLa∗r
TΛT

−2ζSTS[KIL −K∗]TΓ−1
IL [KIL −K∗]

−2ζSTS[KIL −K∗]TΓ−1
ILK

∗

+2STS[K−K∗]TeLa∗r
TΛT

+NΛ̇NTeTxPNTΛTNex

+NΛNTexPNTΛ̇TNex. (4.88)

The last two terms are eliminated by the rotation matrix property ΛTΛ̇+ Λ̇TΛ = 0. With the

choice of K = K∗ the second, third, and seventh terms are eliminated. The �rst term satis�es

the passivity relation for �strict positive realness� condition [37] :

PApc +AT

pcP = −Q− LTL < 0, (4.89)

PBpc = CT

pc(S
TS)− LTW, (4.90)

Dpc +DT

pc = WTW (4.91)

where L and Q are the positive de�nite matrices and positive-de�nite symmetric matrix (STS)

exists, which makes the product (STS)CpcBpc positive de�nite symmetric whenever CpcBpc is

positive de�nite but not symmetric [38]. Using eLa∗ = CpcxL+Cpchr, hr =
[
h∗T, ḣ∗T, ḧ∗T,

...
h∗T]T,
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Lyapunov candidate derivative becomes

V̇ = −xT

LQxL − xT

LL
TLxL

−2Cpc(S
TS)[K−K∗]TΛrTxL

+2LWT[K−K∗]TΛrTxL

−2STSeTLa∗rΛΓpLeLa∗r
TΛT

−2ζSTS[KIL −K∗]TΓ−1
IL [KIL −K∗]

−2ζSTS[KIL −K∗]TΓ−1
ILK

∗

+2STS[K−K∗]TrTΛCpcxL

+2STS[K−K∗]TrTΛCpchr. (4.92)

The second and seventh terms are cancel each other and with the choice of K = K∗ which is

required for implementation [37], rearranging the equation (4.92) becomes

V̇ = −xT

LQxL − xT

LL
TLxL − 2STSeTLa∗rΛΓpLeLa∗r

TΛT

−2ζSTS[KIL −K∗]TΓ−1
IL [KIL −K∗]− 2ζSTS[KIL −K∗]TΓ−1

ILK
∗. (4.93)

For simplicity, by introducing the non-negative constants β1, β2, β3, .., β6 leads to

V̇ ≤ −β1∥xL∥2 − β2∥eLa∗∥2∥F̃T

ewea∥2 − β3∥eLa∗∥2∥F̃T

xmxm∥2

−β4∥eLa∗∥2∥F̃T

umum∥2 − β5∥[KIL −K∗]∥2 − β6∥[KIL −K∗]∥. (4.94)

Thus, V̇ becomes negative semi-de�nite. The quadratic form of V guarantees that xL, e
∗
La, ea

and KIL are bounded. Since V in (4.86) is lower bounded and V̇ is negative semi-de�nite, to

apply the Barbalat's lemma requires V̇ to be uniformly continuous. The derivative of V̇ is

V̈ = −2ẋT

L(Q+ LTL)xL − 4STSeTLa∗rΛΓpLėLa∗r
TΛT

−4STSeTLa∗ ṙΛΓpLeLa∗r
TΛT − 4ζSTSK̇T

ILΓ
−1
IL [KIL −K∗]

−2ζSTSK̇T

ILΓ
−1
ILK

∗. (4.95)

The regressor r contains vector signals ea, xm, and um. Reference control input signal um and

its derivative are assumed uniformly bounded and piece-wise continuous, thus xm and ẋm are
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bounded from (4.29). Hence, r is bounded as ea is bounded as well.

The derivative of xL from (4.85) is bounded as Λ̇T = UTΛT, here U is the skew-symmetric

matrix and as xL is bounded from (4.93) at K = K∗. The derivative of eLa∗ : ėLa∗ = CpcẋL +

Cpcḣr, ḣr is bounded by the reference model piece-wise continuous assumption, therefore ėLa∗

is bounded as ẋL and ḣr are bounded. As eLa∗ and its derivative are bounded, thus makes

ea and ėa bounded. The derivative of regressor vector r is also bounded as ėa, ẋm, and u̇m

are bounded. This shows that V̈ is bounded, hence V̇ is uniformly continuous, and from the

Barbalat's lemma,

lim
t→∞

xL(t) = 0

is shown.

4.4 Simulation and experiment

4.4.1 Conditions

Simulation and experiments are conducted to verify the e�ectiveness of the proposed contouring

control. The butter�y reference trajectory shown in Fig. 4.6 is used as the tracking reference.

The trajectory is obtained by

ym1 = 4 sin(θ)

(
ecos(θ) − 2cos(4θ) + sin(

θ

12
)5
)
,

ym2 = 4 cos(θ)

(
ecos(θ) − 2cos(4θ) + sin(

θ

12
)5
)
, θ ∈ [0, 2π]. (4.96)
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Figure 4.6: Reference butter�y trajectory

The reference model is selected as a �fth order given as

ẋm =



0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 1

2p 0 −8p3 0 8p3 0 −8p4 0 p5 0

0 2p 0 −8p3 0 8p3 0 −8p4 0 p5



xm

+

[
0 0 0 0 0 0 0 0 1/10−4 0

0 0 0 0 0 0 0 0 0 1/10−4

]T

um, (4.97)
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Table 4.1: Plant parameters

Parameter 1staxis 2ndaxis

Lli 0.01 m 0.01 m

Jmi 1.46×10−4 kgm2 1.54×10−4 kgm2

mei 88.08 Ns2/m 97.9 Ns2/m

ci 535.20 Ns/m 796 Ns/m

ki 36.58 N/m 45.56 N/m

cei 172.81 Ns/m 192.08 Ns/m

cai 384.38 Ns/m 766.35 Ns/m

where p is the negative pole that is selected to make Am matrix Hurwitz stable. For the ref-

erence model, states vectors xm, and derivatives in (4.29) are known, and hence the control

variable um is available. The reference state vector, denoted by xm, is a component of the

control laws as described in (4.36) and (4.43). It contains higher-order derivatives of the de-

sired trajectory. These derivatives can have high peak values that may cause distortions. To

prevent distortions, the reference state vector xm is replaced by Θmxm in the regressor vector

r, where Θm = diag{ρ0, ρ0..., ρnm−1, ρnm−1} ∈ Rnm×nm . All the diagonal terms in Θm must be

positive, and since xm is bounded, Θmxm is also bounded. The ASPR imposing methods; par-

allel feedforward compensation (PFC) and jerk-based augmented output signal which contains

the velocity, acceleration, and jerk signals (AOS-v-a-j) are paired with SACC and results are

compared. The equivalent mass of an actuator is given as

mai =
4π2Jmi

L2
li

, (4.98)

where Jmi is the motor actuator inertia and Lli is the lead of the ball nut of the ith axis. The

plant parameters and controller values are given in Tables 4.1 and 4.2, respectively.

4.4.2 Experimental setup

An industrial feed drive system shown in Fig. 2.3 with ball-screw mechanism powered by an

AC servo motor was employed. The actual position is measured by a rotary encoder attached

to a drive motor with the equivalent sensor resolution for linear motion as 76.29 nm at a 0.35
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Table 4.2: Control parameters

Parameter Values

p −2

ρ 10−4

ζ diag{10−3, 10−3}
D1, D2 10−4

α1, α2 2.5

ΓPxm,ΓPxL diag{103, 103, 10, 10, 10−1, 10−1, 10−3, 10−3, 10−5, 10−5},
ΓIxm,ΓIxL diag{103, 103, 10, 10, 10−1, 10−1, 10−3, 10−3, 10−5, 10−5},
ΓPum,ΓPuL diag{10−5, 10−5}
ΓIum,ΓIuL diag{10−5, 10−5}

λ1,λ2,λ3
diag{10−4, 10−4}s, diag{10−7, 10−7}s2,

diag{10−13, 10−13}s3

ms sampling time for each drive axis. A power analyzer (HIOKI 3390) connected to the motor

driver measures energy consumption at a 50 ms data interval update. The industrial feed

drive is operated by a computer with Ubuntu operating system using C/C++ programming

environment. The adaptation scaling factors on the adaptive gains are assigned by trial and

error manner until the best tracking performance is achieved. The AOS-v-a-j approach requires

the Kalman �lter design in (4.60-4.67) implemented with the values of σ2
ji and Rki selected as

1015 and 0.0002 same for each axis, respectively.

4.4.3 Simulation results

Figure 4.7 shows the simulation results comparing the tracking and contouring performance of

two di�erent ASPR imposition methods: PFC and AOS-v-a-j. The results show that AOS-v-a-j

is able to achieve lower tracking and contouring errors than PFC, when both methods are used

under the same conditions. Furthermore, comparing the performance of AOS-v-a-j with SACC

to that of AOS-v-a-j with SAC, AOS-v-a-j is able to achieve lower tracking and contouring errors

simultaneously under similar conditions. These results demonstrate the superior performance

of AOS-v-a-j with SACC in terms of reducing tracking and contouring errors. The adaptive
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Figure 4.7: Simulation results

gains pro�les are shown in Fig. 4.8 for PFC with SAC, AOS-v-a-j with SAC, PFC with SACC,

and AOS-v-a-j with SACC, respectively, under the same assigned adaptation scaling factors.

These results show PFC with SAC, AOS-v-a-j with SAC, and PFC with SACC, fail to attain

su�cient adaptation for precisely tracking the trajectory as compared to AOS-v-a-j with SACC.

Referring to equations (4.56-4.58), higher-order derivatives of F̃ ampli�es the adaptation scaling

factors making faster transient response, and smaller steady state error is achieved for AOS-

v-a-j with SACC. Moreover, lack of improvement on contouring accuracy for PFC with SACC

is caused by the transformed PFC output signal F̃Tyf in (4.50). Since the PFC output signal

is di�erent from that of the actual plant, the transformed augmented output error used as an

adaptation signal in the control input is altered. For clarity, the summary of the steady state

SACC contour error results after convergence are shown in Table 4.3.
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Figure 4.8: Controller gain pro�les in simulation; (a) PFC with SAC, (b) AOS-v-a-j with

SAC, (c) PFC with SACC, and (d) AOS-v-a-j with SACC

4.4.4 Experimental results

Experiments were conducted to evaluate the tracking error, contour error, and energy saving

capability of the proposed contouring approach using the butter�y trajectory given in (4.96).

Three speci�c cases were investigated. The �rst case aims to con�rm the e�ectiveness of the

AOS-v-a-j with SACC in contouring by comparing its performance to that of the AOS-v-a-j

with SAC, PFC with SAC, and PFC with SACC under similar conditions. The second case

was to con�rm the contouring performance of AOS-v-a-j with SACC compared to PFC with

SACC when performed under similar conditions. Finally, the third case aimed to con�rm the

e�ectiveness of SACC compared to SAC when subjected to high adaptive gains.
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Table 4.3: Summary of SACC contour error results

Tangential and normal errors [mm]

Maximum Average

Controller |e∗t | |e∗n| |e∗t | |e∗n|

PFC 0.5444 0.2367 0.3086 0.0927

AOS-v-a-j 0.0209 0.0131 0.0075 0.0052

4.4.4.1 Tracking performance

Selecting the same positive de�nite matrices ΓpL, ΓIL, Γpw, and ΓIw, experiments were con-

ducted to compare the tracking and contouring performance of two di�erent ASPR imposition

methods: PFC and AOS-v-a-j with SAC and SACC, interchangeably as shown in Fig. 4.9. The

performance of AOS-v-a-j with SACC was compared to that of AOS-v-a-j with SAC, it was

found that AOS-v-a-j with SACC was able to simultaneously achieve lower tracking and con-

touring errors under similar conditions. Moreover, the steady-state control input for AOS-v-a-j

with SACC was smoother than that of PFC with SACC under similar conditions. These results

demonstrate the superior performance of AOS-v-a-j with SACC in terms of reducing tracking

and contouring errors while achieving smoother control input. The same experiment design

was repeated 5 times for each control scheme in which energy consumption was measured and

control input variance was calculated using

σ2 =
2∑

i=1

(∑Nu

j=1(uij − µi)
2

Nu

)
, (4.99)

where uij represents the control input value at the j
th sampling instant of the ith axis, Nu is

the total number of samples (j = 1, 2, ..., Nu) and µi is the average of all control values of the

ith axis. Fig. 4.10 shows the trial results of the tracking performance, control input variance,

and energy consumption comparisons between PFC and AOS-v-a-j using either SAC or SACC.

PFC with SACC reduced the mean tracking error of the 1st axis by about 32% when compared

to PFC with SAC. However, for the 2nd axis, the mean tracking error increased by about 50%.

Using AOS-v-a-j with SACC demonstrated superiority on which the tracking error was reduced
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Figure 4.9: Experimental results

by about 60% and 5% on the 1st and 2nd axes, respectively when compared to AOS-v-a-j with

SAC.

When comparing PFC with SACC to PFC with SAC, it was found that the control input

variance increased by approximately 10%, and a 2% increase in average energy consumption.

On the other hand, AOS-v-a-j with SACC showed a 6% reduction in control input variance

compared to AOS-v-a-j with SAC, and energy consumption was reduced by about 7% on

average.
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Figure 4.10: Case I experimental results

4.4.4.2 Contouring performance

Using the butter�y trajectory, both designed contouring controllers with ASPR imposing meth-

ods: PFC and AOS-v-a-j are compared with each other using identical positive de�nite matrices

for adaptive gains. Fig. 4.11 shows the comparisons of the absolute mean values of the tangent

error et∗ , normal error en∗ , contour error ec, control input variance σ
2, and energy consump-

tion for the trial runs. The results demonstrated that AOS-v-a-j with SACC reduce by about

45.90%, 46.35%, and 45.92% for tangent, normal, and contour errors, respectively when com-

pared to PFC with SACC. In terms of energy saving, AOS-v-a-j with SACC reduce by about

3.11% of energy consumption and by about 2.42% of control input variance when compared to

PFC with SACC. AOS-v-a-j with SACC was superior in terms of accuracy and energy saving

compared to PFC with SACC.
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Figure 4.11: Case II experimental results

-1

0

1

u
1
[V]

-1

0

1

u
2
[V]

-1

0

1

u
1
[V]

-1

0

1

u
2
[V]

-1

0

1

u
p1

[V]

-1

0

1

u
p2

[V]

-1

0

1

u
p1

[V]

-1

0

1

u
p2

[V]

0 5 10

-1

0

1

0 5 10

-1

0

1

-1

0

1

-1

0

1

-1

0

1

-1

0

1

-1

0

1

-1

0

1

0 5 10

-1

0

1

0 5 10

-1

0

1

0 5 10

-1

0

1

0 5 10

-1

0

1

0 5 10

-1

0

1

0 5 10

-1

0

1

Figure 4.12: Case III experimental results; (a) PFC with SAC, (b) AOS-v-a-j with SAC, (c)

PFC with SACC, and (d) AOS-v-a-j with SACC
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Figure 4.13: Experimental controller gains pro�les; (a) PFC with SAC, (b) AOS-v-a-j with

SAC, (c) PFC with SACC, and (d) AOS-v-a-j with SACC

4.4.4.3 E�ects of adaptation scaling

The performance of SAC and SACC can be increased by the use of high adaptation scaling

factors [72]. The adaptation scaling factors matrices used for cases I and II are given as

ΓPew = ΓIew = ΓPeL = ΓIeL = diag{10e6, 10e6}. On the case III, adaptation scaling factors

are increased to diag{15e6, 15e6}, diag{20e6, 20e6}, and diag{25e6, 25e6} with the purpose of

evaluating the e�ectiveness of PFC with SAC, PFC with SACC, AOS-v-a-j with SAC, and

AOS-v-a-j with SACC. Fig. 4.12 shows the control input for both axes. As a result, it can be

concluded that AOS-v-a-j with SAC, PFC with SACC, and AOS-v-a-j with SACC are more

e�ective, unlike PFC with SAC shows instability at high adaptation scaling factors. In addition,

AOS-v-a-j with SACC is shown to be more superior achieving smoother control input.
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4.5 Discussion

Figs. 4.8 and 4.13 show the controller gain pro�les for both simulation and experiment re-

sults, which exhibit similar behavior. Moreover, both simulation and experiment performances

reached the same conclusion regarding the comparison of tracking and contouring performances

for both ASPR imposing methods under the same operating parameters, as shown in Figs. 4.7

and 4.10. In addition, controller gains for all the controllers are initialized to zero, which requires

time for controller gains to settle to reasonable values. Hence, the transient state is unsatis-

factory. This tendency is observed in both Figs. 4.7 and 4.10. Predominantly the proposed

contouring approach, AOS-v-a-j with SACC demonstrated superiority in terms of tracking er-

ror reduction, contouring accuracy, and smoother control input when compared to PFC with

SACC, and AOS-v-a-j with SAC as shown on the cases I, II, and III. Furthermore, AOS-v-a-j

is related to the original plant output making the augmented output error proper to generate

the desired control input unlike PFC which has an independent plant. Fig. 4.13 shows the

behavior of controller gains for all the approaches. The proposed approach of AOS-v-a-j with

SACC attains higher controller gains compared to AOS-v-a-j with SAC under similar assigned

adaptation scaling factors. Higher controller gains are achieved by the derivatives of rotation

matrix F̃ on the formulation (4.56 - 4.59). On the SAC theory, controller gains behavior is

known to increase only if needed [37]. From these results it can be seen the AOS-v-a-j with

SACC after transient state, the controller gains decrease on both axes unlike PFC with SAC,

PFC with SACC, and AOS-v-a-j with SAC.

PFC with SACC achieves better tracking performance on the 1st axis and lower tracking on the

2nd axis as compared to PFC with SAC as shown on Fig. 4.10 case I (a). This is in�uenced by

the e�ects of transformed PFC output signal F̃Tyf to the transformed augmented output error

eLf∗ in (4.49 - 4.50), which is used as adaptation signal. TCC requires the mismatch of both

axes to be small enough [71, 73] which is not the case for PFC with SACC under the presence

of PFC output yf . As the PFC output signal is di�erent from that of the actual plant, further

mismatch between augmented output of both axes occurs.

Actually, energy consumption may be in�uenced by many factors, including the controller

design, controller gains, trajectory generation, and the complexity of the trajectory. Therefore,

there are cases in which high contouring accuracy may lead to increased energy consumption,
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as shown in [74, 75]. Furthermore, on Fig. 4.10 shows the results of the both tracking and

contouring performances for PFC and AOS type controllers. The large di�erence between the

two axes are due to using the same adaptation scaling factors for updating gains while the

axes model parameters are di�erent and the reason it was selected the same adaptation scaling

parameters is to investigate the performances of tracking cases and contouring cases.

4.6 Summary

Simple adaptive contouring control proposed in this chapter which combines simple adaptive

control and tangent-contouring control using the modi�ed reference adjustment method in

a parametric trajectory. This allows the designed adaptive contouring controller to address

the estimated contour error directly and increase contouring accuracy with low control input

variance of the biaxial feed drive system. Approaches that achieve the almost strictly positive

real property have been described; the parallel feedforward compensation approach and the

jerk-based augmented output signal. Simulation and experiments were conducted using simple

adaptive contouring control with the almost strictly positive real property imposed methods.

The proposed approach has shown to achieve better contouring accuracy with lower control

input variance compared to the parallel feedforward compensation approach. The results have

shown that the proposed method have higher contouring accuracy by about 45% compared to

PFC under the same tracking conditions.
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Chapter 5

Combined simple adaptive and integral

terminal sliding control

In this chapter a novel approach of combining simple adaptive and integral terminal adaptive

control is proposed for industrial feed drive systems. The adaptive control law is designed from

a fractional power integral terminal sliding mode control con�guration using a simple adaptive

control-like technique. This formulation allows the proposed controller to mitigate the plant

parameters estimation di�culties while bene�ting from the inclusion of fractional power signals

in the adaptive control law. Simulation and experiments were conducted using the proposed

approach compared to conventional approaches. The proposed approach has shown to achieve

higher tracking accuracy compared to the conventional approaches under the same tracking

conditions. Experimental results show that the proposed approach can reduce by about 58.6%

and 73% for axis 1 and 2, respectively as compared to simple adaptive control only.

This chapter is organized as follows: Section 5.1 presents the related works followed by a

dynamic model of the plant is presented described in Section 5.2. Controller design is described

in section 5.3, followed by simulation and experiment in section 5.4. Section 5.5 discusses

results, followed by concluding remarks in section 5.6
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5.1 Related works

In modern manufacturing, feed drives are widely used because of their simple structure, high

transmission accuracy and low sensitivity to variations [46, 76, 77]. In order to attain high

productivity and precision, the control system of feed drives must have good transient and

steady tracking performances. However, feed drives experience tracking errors caused by ball-

screw assembly and face disturbances which may deteriorate the overall system performance.

Cascade Proportional/Proportional-Integral (P/PI) controller is widely applied in most machine

control algorithm. The cascade P/PI control consists of a PI controlled inner velocity loop with

a P controller in the outer position loop, but its performance is limited.

In recent years, nonlinear control techniques including model predictive control [10], sliding

mode control [11], model-reference adaptive control [12], and robust control [13] have been

applied in the feed drives to achieve high-performance in di�erent situations. Among these

control methods, sliding mode control is one of the most e�cient methods to improve the

disturbance rejection and robustness properties of the feed drive system. Sliding mode control

has the ability to switch the control law very fast to drive the system states from any initial

states onto a user-speci�ed sliding surface, and to maintain the states on the surface for all

subsequent time. This results in a system that is insensitive to parametric uncertainties and

external disturbances. However, conventional linear sliding mode cannot converge in �nite-

time, which hinders its application in practical engineering. Wu et al. [78] proposed a terminal

sliding mode (TSM) control, a nonlinear term was introduced into the sliding mode surface

to make the system tracking error reach the equilibrium point in �nite-time. However, TSM

control has singularity problem near the equilibrium point. Chui [79] proposed integral terminal

sliding mode (ITSM) control with fractional calculus concept to the relative degree one systems.

The design allows to eliminate reaching time to the sliding hyperplane and the convergence of

both tracking error and integral error is accomplished in a �nite-time. However, the equivalent

control law of ITSM control requires thorough knowledge of the controlled plant parameters

and dynamics, which are di�cult to obtain.

In real applications, the parameters of a plant are not always accessible and may be time-

varying. This necessitates using adaptive control strategies to adjust to these changes in real-

time to ensure optimal performance. One e�ective solution is using SAC developed by Sobel et
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al. [80]. SAC is a direct adaptive control technique that updates the controller gains without

requiring the estimation of unknown plant parameters or mathematical models of the system.

Adaptive law of SAC only requires the reference model and tracking error information. In

addition, SAC algorithm is ease to implementation. However, it requires that the plant should

satisfy �almost strictly positive real (ASPR)� property. Note that ASPR conditions are not

satis�ed by most systems in the real world. Hence, Barkana and Kaufman [41, 81] introduce

a parallel feedforward compensator (PFC) that satis�es the ASPR property. Yasser et al. [82]

proposed adaptive sliding mode control using SAC with PFC to construct an equivalent control

input and a modi�ed sliding surface with a sign function is used to construct a corrective

control input, eliminating the need for prior knowledge of the plant for calculating the control

law. Mokhtari et al. [58] proposed simple adaptive synergetic control for nonlinear systems

without requiring knowledge of the system parameters and dynamics using SAC with PFC.

Adaptive synergetic control law is derived from the desired manifold of the synergetic control

theory. These works [58, 82] show that adaptive control law can be derived using the SAC

algorithm. However, using PFC for ASPR property brings augmented feedback, degrading

overall performance due to parallel structures.

For feed drive actuation, SAC applications have employed [53, 54, 68, 69, 83]. These methods

use augmented output signals (AOS) for ASPR property. These approaches use higher-order

output derivatives with assigned constant relative gains to the signals and the augmented output

is used as the feedback. These approaches have shown a signi�cant improvement in tracking

control compared to PFC.

The chapter proposes simple terminal adaptive sliding mode control for the feed drive systems.

This is accomplished by using SAC to construct the equivalent control for fractional ITSM

control which will remove the problem of unknown plant parameters and dynamics. Augmented

output signal with terminal sliding surface is used to derive the adaptive control law with a

switching corrective control input gain to counteract the disturbances.
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5.2 Dynamic model for feed drive system

The dynamics of a typical feed drive system is represented by the following decoupled second

order system:

miθ̈i + hiθ̇i + di = fai, (5.1)

where mi, θi, hi, di, and fai are the equivalent mass of the table, the position of the table,

the viscous friction coe�cient, the bounded input disturbances, and the driving force to the ith

drive axis, respectively. The dynamic equation of the feed drive dynamics can be written in the

following form:

θ̈i = −m−1
i hiθ̇i +m−1

i ui − δi, δi = m−1
i di (5.2)

where ui = fai is the control input and δi is total disturbance which is assumed globally bounded,

such that there exists a constant δ̄i ∈ R+ that satisfy

|δi| ≤ δ̄i, |di| ≤ d̄i. (5.3)

5.3 Controller design

5.3.1 Integral terminal sliding mode control

Fractional ITSM control was �rst introduced in [79], which it uses a sliding surface that employs

fractional power to achieve desired trajectory in a �nite-time. The sliding mode sti = 0 can

be reached from anywhere in the phase plane in �nite-time. The tracking error is de�ned as

evi = θdi− θi, with θdi as desired position. Using sliding function ezi = ėvi+ωievi, where ωi > 0

a design constant. The fractional integral terminal sliding variable is described as

sti = ezi + φieIzi, (5.4)
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with

ėIzi = e
qi
pi
zi , (5.5)

e
qi
pi
zi = |ezi|

qi
pi sign(ezi), (5.6)

where φi > 0 is a design constant. pi and qi are odd integers selected to satisfy the condition:

pi > qi. On the surface sti = 0, the integrator (5.5) is de�ned as:

ėIzi = −φ
qi
pi
i e

qi
pi
Izi. (5.7)

From solving the error dynamic (5.7), the time for convergence of eIzi is obtained as:

tfi =
|eIzi(0)|1−

qi
pi

φ
qi
pi
i

(
1− qi

pi

) =
|ezi(0)|1−

qi
pi

φ
qi
pi
i

(
1− qi

pi

) . (5.8)

Meanwhile, the time spent for the convergence of the state error ezi is also tfi. The time

derivative of sti in (5.4) is written as

ṡti = θ̈di +m−1
i hiθ̇i + δi −m−1

i ui + ωiėvi + φie
qi
pi
zi , (5.9)

for the system in (5.2) the control law is given by

ui = u0i + u1i, (5.10)

where u0i is equivalent control and u1i is a discontinuous control for the rejection of δi. The

equivalent control law is achieved by considering the ideal closed-loop dynamics ṡti + κisti = 0

when δi = 0 and u1i = 0. The equivalent control vector u0i becomes

u0i = mi(θ̈di +m−1
i hiθ̇i + ωiėvi + φie

qi
pi
zi + κisti), (5.11)
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where κi > 0 is the design constant. For |δi| > 0, the time derivative of sti from (5.9) and using

the control laws (5.10) and (5.11), it becomes

ṡti = δi −m−1
i u1i, (5.12)

the discontinuous control is selected as

u1i = αsisign(sti), αsi ≥ mi(δ̄i + ηi) (5.13)

where αsi is the switching gain. The reaching condition [45]:

stiṡti = sti(δi −m−1
i u1i), stiṡti ≤ −ηi|sti|, (5.14)

where ηi is the positive constant specifying the converging rate of sti, respectively. Note that

the control law in (5.11) requires the knowledge of the plant parameters.

5.3.2 Simple adaptive control

The design of the SAC law does not necessitate the knowledge of system parameters. The

implementation of SAC requires a solution from the Compound generated tracker (CGT) and

a plant with the ASPR property [55]. Furthermore, a stable reference model is a prerequisite

for SAC. A reference model is given by

ẋmi = Amixmi + bmiumi, (5.15)

ymi = cTmixmi, (5.16)

where xmi ∈ Rnm , ymi ∈ R, and umi ∈ R are the state vector, output, and input, respectively.

Ami, bmi, and cmi correspond to the reference system matrix, input vector, and output vector,

respectively. umi in the reference model is assumed bounded and piece-wise continuous, such

that u̇mi, ẋmi, and ymi are bounded as well. Neglecting the disturbances, the plant in (5.1)

has a relative degree of 2, hence not ASPR. A plant is known to be ASPR when the following

conditions are met; plant should have a relative degree of 0 or 1, plant should be minimum-

phase and the highest frequency gain of the denominator must be positive. The aim of the
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control is to realize the following relation:

lim
t→∞

ewi = lim
t→∞

{ymi − θi} = 0

perfectly. Ideal model exists with state x∗
i , input u

∗
i , and output y∗i vectors, given in the

following state space representation:

ẋ∗
i = Aix

∗
i + biu

∗
i , (5.17)

y∗i = cTi x
∗
i , (5.18)

where Ai is the ASPR plant matrix, and bi and ci vectors with appropriate dimensions, re-

spectively. Since xmi and umi are of arbitrary in nature, by selecting the stable and correct

coe�cients of the characteristic equation, the CGT condition can be satis�ed [37]. The ideal

output is identical to output of the reference model given as y∗i = ymi. The ideal control input

is given as linear combination of xmi and umi:

u∗i = k∗
xi
Txmi + k∗uiumi, (5.19)

where k∗
xi and k∗ui are unknown constant vector and scalar desired values, respectively. The

tracking error is de�ned as ewi = ymi − θi, and the following control input was proposed [37]:

uvi = kewiewi + kT

xmixmi + kumiumi, (5.20)

uvi = kT

vivi, (5.21)

with

kvi =
[
kewi kT

xmi kumi

]T
, (5.22)

vi =
[
ewi xT

mi umi

]T
. (5.23)
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Figure 5.1: Velocity-based AOS

The adaptive gain vector kvi is a combination of �proportional� and �integral� terms; kvi =

kpvi + kIvi and their adaptation laws are given as

kpvi = Γpviviewi, (5.24)

k̇Ivi = ΓIviviewi, (5.25)

where Γpvi and ΓIvi are positive de�nite matrices. In addition, these matrices are positive

de�nite used to adjust the adaption rate of the control gains. The proportional term in (5.24)

adds immediate penalty for large errors, and leads the system very quickly towards small

tracking errors and the integral gain given in (5.25) is used to guarantee convergence [40].

5.3.3 Su�ciency of ASPR condition

The plant in (5.1) is without ASPR. Harada and Uchiyama [53] proposed the use of velocity

signal for the ASPR property. This method augments the plant with the linear polynomial

Hi(s) = 1 + λis of the i
th drive axis to the plant, where s is the variable of Laplace transform.

The transfer function with the AOS signal provides the ASPR property as

Gai(s) =
1 + λis

mis2 + cis
(5.26)

as shown on Fig. 5.1. The relative gain λi is assigned a constant positive value which makes

the augmented plant to be with a relative degree of 1. The augmented plant becomes

Gai(s) = Gpi(s) + λisGpi(s). (5.27)
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The augmented output signal considered is given as

qbi = θi + λiθ̇i, (5.28)

where λi > 0 is a design constant and θi is the table position to the ith drive axis. Velocity-

based AOS requires the reference model to have at least the same order as the plant and in

turn the linear polynomial Hi(s) is applied to the reference model. This leads to the augmented

reference output signal given as

qmi = ymi + λiẏmi, (5.29)

and the augmented output error is de�ned as

eai = ewi + λiėwi = cTi exi, (5.30)

where ci =
[
1 λi

]T
and the state error exi = x∗

i − xi, xi =
[
θi θ̇i

]
. The error term ewi

is replaced by eai in (5.21-5.25), respectively for SAC implementation. The derivative of exi;

ėxi = ẋ∗
i − ẋi and using (5.1) in state space and (5.17), and neglecting the disturbances. It

becomes

ėxi = Aiexi + bi(u
∗
i − upi). (5.31)

It is worth noting that the system model, described in (5.18), is considered "strictly pas-

sive" and its transfer function is referred to as "strictly real" if it satis�es the satis�es the

Kalman�Yakubovich�Popov conditions [37]:

Pi(Ai − bik
∗
aic

T

i ) + (Ai − bik
∗
aic

T

i )
TPi = −Qi, (5.32)

bT

i Pi = cTi Wi, (5.33)

where Pi and Qi, are positive de�nite symmetric matrices, and Wi is the positive-de�nite

matrix, and k∗ai is the positive de�nite gain, respectively. In addition, the product cTi bi is

positive de�nite symmetric.
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5.3.4 Simple adaptive integral terminal sliding mode control

To develop adaptive control law for the augmented system (5.27). Consider fractional integral

terminal sliding variable using augmented output error in (5.30) de�ned as

sai = eai + βieIai, (5.34)

and its derivative is given by

ṡai = ėai + βie
qi
pi
ai , (5.35)

with

e
qi
pi
ai = |eai|

qi
pi sign(eai) (5.36)

where βi > 0, pi, and qi are de�ned below (5.6). The ideal augmented closed-loop dynamics

of ṡai + γisai = 0, with γi > 0 is selected for determining the equivalent control. Using (5.19),

(5.30), and (5.31) with ideal augmented closed-loop dynamics brings to

upi = (cTi A
−1
i bi)

−1eai + k∗
xi
Txmi + k∗uiumi + (cTi bi)

−1ΛT

i eti, (5.37)

where Λi =
[
βi γi

]T
and eti =

[
e
qi/pi
ai sai

]T
. De�ne kai = (cTi A

−1
i bi)

−1 ∈ R, kxi = k∗
xi ∈ Rnm .

kui = k∗ui ∈ R, and kti = (cTi bi)
−1ΛT

i ∈ Rne . The equivalent control law is given as

upi = kaieai + kT

xixmi + kuiumi + kT

tieti, (5.38)

upi = kT

i ri, (5.39)

with

ki =
[
kai kT

xi kui kT

ti

]T
, (5.40)

ri =
[
eai xT

mi umi eTti

]T
. (5.41)

88



5.3. Controller design

According to the SAC theory [37], ki gain can be estimated using combination of �proportional�

and �integral� adaptation laws; ki = kpi + kIi. Adaptation laws are given as

kpi = Γpirieai, (5.42)

k̇Ii = ΓIirieai, (5.43)

where Γpi and ΓIi are diagonal matrices. Furthermore, these matrices are positive de�nite used

to adjust the adaption rate of the control gains. The nominal control term u0i from (5.11) can

be estimated as

u0i ∼= upi = kT

i ri. (5.44)

The following Lyapunov candidate is considered for proo�ng stability of the equivalent control

input is given as

Li = eTxiPiexi + tr
{
Wi[kIi − k∗

i ]
TΓ−1

Ii [kIi − k∗
i ]
}
, (5.45)

where Pi is the positive de�nite matrix and Γ−1
Ii is the positive de�nite scaling matrix and

k∗
i =

[
k∗ai k∗

xi
T k∗ui k∗

ti
T

]T
is unknown constant matrix with desired values. Using (5.19) and

(5.39), the state error in (5.31) can be given as

ėxi =
(
Ai − bik

∗
aic

T

i

)
exi − bi[ki − k∗

i ]
Tri − bik

∗
ti
Teti. (5.46)

The derivative of Li is given as

L̇i = ėTxiPiexi + eTxiPiėxi + 2tr
{
Wi[kIi − k∗

i ]
TΓ−1

Ii k̇Ii

}
. (5.47)

Substituting (5.43) and (5.46) into (5.47) with kIi = ki−Γpirieai from (5.42), and using passivity

relations from (5.33), L̇i with (5.30) becomes

L̇i = −eTxiQiexi − 2eTaiWieair
T

i Γpiri − 2eTtik
∗
tiWic

T

i exi. (5.48)

For simpli�cation, (5.48) is written as

L̇i = −eTsiΩiesi − 2eTaiWieair
T

i Γpiri. (5.49)
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with

esi =

[
exi

eti

]T

,Ωi =

[
Qi k∗

ti
TWici

k∗
tiWic

T

i 0

]
, (5.50)

where Ωi is the positive semi-de�nite matrix. Introducing the non-negative constant ξ1, and

positive constants ξ2, ξ3, ξ4, ξ5, and ξ6 to (5.49), this can be written as

L̇i ≤ −ξ1||esi||2 − ξ2||eai||4 − ξ3||eai||2
(
ξ4||xmi||2 + ξ5||umi||2 + ξ6||eti||2

)
. (5.51)

Thus, L̇i becomes negative semi-de�nite. The quadratic form of Li guarantees that exi, eti, eai

and kIi are bounded. Since Li in (5.45) is lower bounded and L̇i is negative semi-de�nite, to

apply the Barbalat's lemma requires L̇i to be uniformly continuous. The derivative of L̇i is

L̈i = −2ėTsiΩiesi − 4ėTaiWieair
T

i Γpiri − 4eTaiWieaiṙ
T

i Γpiri. (5.52)

The regressor ri contains vector signals eai, xmi, umi, and eti. Reference control input signal

umi and its derivative are assumed uniformly bounded and piece-wise continuous, thus xmi and

ẋmi are bounded from (5.15). Hence, ri is bounded as eai and eti are bounded as well.

The derivative of exi is bounded from (5.46), as the signals exi, ri, kIi, and eti are bounded

with ki = Γpirieai + kIi. The derivative of eai: ėai = cTi ėxi, is bounded as ėxi is bounded. The

derivative of eti: ėti =
[
qi/pie

(qi/pi−1)
ai ėai ṡai

]T
is bounded as eai and ėai are bounded, and ṡai

from (5.35) is bounded. Therefore, ėsi and derivative of regressor vector ri are bounded as

the signals ėxi and ėti, ėai, ẋmi, u̇mi, and ėti are bounded, respectively. This shows that L̈i is

bounded, hence L̇i is uniformly continuous, and from the Barbalat's lemma,

lim
t→∞

esi(t) = 0

is shown.

The overall proposed control input from (5.13) and (5.44) is given as

upi = kT

i ri + αtisign(sai). (5.53)
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Figure 5.2: Schematic of the proposed approach (AITSMC)

where αti > 0 is a switching gain aims to ensure robustness against disturbances. The overall

control schematic is shown in Fig. 5.2 and the adaptive control law does not require the

information of the plant parameters.

For tuning the control parameters, some simple rules are considered as follows: The control pa-

rameters λi and βi from (5.30) and (5.34) are selected with small values, and they are gradually

increased while, simultaneously, the matrices termed as Γpi and ΓIi from (5.42) and (5.43) are

also increased gradually on the diagonal elements until satisfactory performance is obtained. It

is important to note that the integral gain is essential for ensuring the stability of the control

system's adaptation and for accelerating convergence. The proportional gain, on the other

hand, enhances plant performance and aids in achieving precise output tracking by immedi-

ately penalizing large errors [37]. Then, switching gain αti from (5.53) is selected by trial and

error manner to balance robustness and chattering. Its worth noting larger λi puts emphasize

on the error derivative, speeding up the response and reducing settling time, but may cause

high-frequency oscillations or instability if too large. Similarly, a larger βi reduces settling time
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by eliminating steady-state error. However, if it is too large, it can make the system sluggish

or unstable due to excessive past error accumulation.

The stability analysis of the overall system is achievable by considering the following Lyapunov

candidate function

Vi =
s2ai
2
, (5.54)

taking the derivative of Vi and using (5.31),(5.37), (5.44), and (5.53) gives

V̇i = saiṡai = sai

(
ėai + βie

qi
pi
ai

)
,

= sai

(
cTi ėxi + βie

qi
pi
ai

)
,

= sai

(
cTi

{
Aiexi + bi

[
u∗i − u0i − u1i + di

]}
+βie

qi
pi
ai

)
,

= sai

(
cTi

{
Aiexi + bi

[
k∗
xi
Txmi + k∗uiumi − (cTi bi)

−1Aic
T

i exi − k∗T
xixmi − k∗uiumi

−(cTi bi)
−1βie

qi
pi
ai − (cTi bi)

−1γisai − αtisign(sai)
]
+ bidi

}
+βie

qi
pi
ai

)
,

= sai

(
cTi Aiexi − cTi bi(c

T

i bi)
−1cTi Aiexi − cTi bi(c

T

i bi)
−1βie

qi
pi
ai − cTi bi(c

T

i bi)
−1γisai

−cTi biαtisign(sai) + cTi bidi + βie
qi
pi
ai

)
,

= sai

(
−γisai − cTi biαtisign(sai) + cTi bidi

)
,

= −saiγisa + sai

(
cTi bi

[
di − αtisign(sai)

])
, (5.55)

and from (5.3), this brings to

≤ −s2aiγi − (αti − d̄i)|sai|cTi bi, (5.56)

if αti and γi are chosen such that αti > d̄i and γi > 0. Furthermore, when sai ̸= 0 then the

expression (5.56) becomes V̇i < 0 meaning that the terminal sliding variable sai converges to

the TSM surface sai = 0 in a �nite-time [84]. Thus, on the TSM surface, the closed-loop error

dynamics will enjoy the �nite-time convergence characteristic. This completes the proof.
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In order to reduce chattering which is caused by discontinuous sign function, αtisign(sai) in

robust term (5.53) is replaced by the continuous function rsi(sai) de�ned as follows [85]:

rsi(sai) =
αtisai

|sai|+ ϵi
, ϵi = ϵ0i + ϵ1i|eai|, i(= 1, 2), (5.57)

where ϵ0i and ϵ1i are two positive constants.

5.4 Simulation and experiment

5.4.1 Conditions

Comparative simulation and experiment are carried out to con�rm the e�ectiveness of the

controllers as follows:

i. Simple adaptive control with velocity-based AOS (SAC)

ii. Adaptive sliding mode control based on simple adaptive control-like technique (ASMC)

proposed in [82]

iii. Continuous non-singular fast terminal sliding mode controller based on time delay esti-

mation (CNTSMC) proposed in [86].

iv. Proposed approach of combined simple adaptive and integral terminal sliding mode control

(AITSMC).

The control law for SAC is given in (5.21) and ASMC control law is de�ned as follows:

uai = kaieai + kT

xixmi + kuiumi + rsi(ssi), (5.58)

with

rsi(ssi) =
αsissi

|ssi|+ ϵi
, (5.59)

ϵi = ϵ0i + ϵ1i|eai|, (5.60)

ssi = ψieai + ėai, i(= 1, 2), (5.61)
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where αsi, ψi, ϵ0i, ϵ1i > 0. The control law for CNTSMC design is based on time delay estimation

to ensure the controller remains model-free given as

uai = M̂iupi + uai(t−L) − M̂iθ̈i(t−L), (5.62)

with

upi = θ̈di + c−1
2i ϕ

−1
2i

[
(1 + c1iϕ1i|evi|(ϕ1i−1))sig(ėvi)

(2−ϕ2i) + ν1isci + ν2isig(sci)
ϕ3i

]
, (5.63)

sci = evi + c1isig(evi)
ϕ1i + c2isig(ėvi)

ϕ2i . (5.64)

where M̂i, c1i, c2i, ν1i, ν2i are positive constants, and ϕ1i, ϕ2i, ϕ3i are control parameters

satisfying ϕ1i > ϕ2i, 1 < ϕ2i < 2 and 0 < ϕ3i < 1. The notation sig(·)a = | · |asign(·) is used for

simplicity and L is the delayed time.

The heart-shaped reference trajectory shown in Fig.5.3 is used as the tracking reference. The

trajectory is obtained by

rd1 = 10 sin3
(
πt
2

)
[mm]

rd2 = 7 cos
(
πt
2

)
− 5

2
cos(πt)− cos

(
3πt
2

)
[mm].

(5.65)

The reference model is selected as

ẋmi =


0 1 0

0 0 ιi

τi −3τ 2i 3ι2i τ
3
i

xmi +


0

0

1/10−3

umi, (5.66)

where τi and ιi are the negative pole and positive value that are selected to make Ami matrix

Hurwitz stable, respectively. For the reference model, states vectors xmi and derivatives in

(5.66) are known, and hence the control variable umi is available. Plant and control parameters

are given in Tables 5.1 and 5.2, respectively used in simulation. The external disturbance of

di = 30 N is applied to evaluate the performance for each axis. The adaptation scaling factors

on the adaptive gains are assigned by trial and error manner until the best tracking performance

is achieved for SAC and then the same adaptation scaling factors are used on for the rest of
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Figure 5.3: Heart-shaped reference trajectory

the controllers. Followed by using the same adaptation coe�cients for the rest of the adaptive

controllers. Adaptive controller gains are initialized to zero. This initialization allows for a

fair comparison across the controllers, as it ensures that each controller starts from the same

baseline.
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Figure 5.4: Simulation results of tracking error

Table 5.1: Plant parameters

Par. Unit 1staxis 2ndaxis

mi Ns2m−1 86.72 99.65

ci Nsm−1 558.62 795.5

5.4.2 Experimental setup

Industrial feed drive system shown in Fig. 2.3 with ball-screw mechanism powered by an AC

servo motor was employed. The actual position is measured by attached laser rotary encoder

with linear equivalent resolution of 76.29 nm at a 0.35 ms sampling time. The industrial feed

drive is operated by a computer with Ubuntu operating system using C/C++ programming

environment. The energy consumption was measured using a HIOKI 3390 power analyzer,
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Table 5.2: Simulation control parameters

Parameter 1staxis values 2ndaxis values

τi −2 −2

ιi 10−3 10−3

pi 7 7

qi 5 5

λi 10−3.5[s] 10−3.5[s]

ψi 102 102

βi 10 10

Γpvi,ΓIvi diag{1017, 106, 106, 1011, 109} diag{1016, 106, 102, 10, 102}
Γpi,ΓIi diag{1017, 106, 106, 1011, 109, 1015.5, 1014.5} diag{1016, 106, 102, 10, 102, 1013.7, 1013.8}
αsi 20e3 30e3

αti 20e5 50e4

ϵ0i 0.1 0.1

ϵ1i 10 10

M̂i 70 100

c1i, c2i 105, 0.005 105, 0.005

ν1i, ν2i 107, 103 107, 103

ϕ1i, ϕ2i, ϕ3i 2, 1.5, 0.5 2, 1.5, 0.5

which was connected to the motor driver. The data was updated at intervals of 50 milliseconds,

and these values were used for the measurements. The adaptation scaling factors on the adaptive

gains are assigned by trial and error manner until the best tracking performance is achieved

and the control parameters are given in Table 5.3.

5.4.3 Simulation results

Figure 5.4 shows the tracking performance results of the controllers: SAC, ASMC, CNTSMC,

and the proposed one. Results show the proposed approach is capable of reducing the track-

ing error because of the extra control inputs as compared to SAC. The control input kT

tieti

from (5.39) and rsi(ssi) from (5.57) provides an extra inputs to accelerate the convergence and

minimize the tracking error. CNTSMC out performs both SAC and ASMC because of its fast

�nite-time tracking error convergence property. Proposed approach is superior to CNTSMC
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Table 5.3: Experimental control parameters

Parameter 1staxis values 2ndaxis values

τi −2 −2

ιi 10−3 10−3

pi 7 7

qi 5 5

λi 10−3.5[s] 10−3.5[s]

ψi 102 102

βi 10−1 10

Γpvi,ΓIvi diag{107, 104, 103, 102, 104} diag{106, 103, 102, 10, 103}
Γpi,ΓIi diag{107, 104, 103, 102, 104, 105, 105} diag{106, 103, 102, 10, 103, 104, 104}
αsi 10 10

αti 300 300

ϵ0i 0.1 0.1

ϵ1i 10 10

M̂i 0.7 1

c1i, c2i 10, 0.08 10, 0.08

ν1i, ν2i 12, 10 12, 10

ϕ1i, ϕ2i, ϕ3i 2, 1.5, 0.5 2, 1.5, 0.5

in tracking accuracy because of adaptive nature from SAC-like design and �nite-time tracking

error convergence property. Furthermore, as the proposed method achieves low tracking error,

switching gain αti to address disturbances can be selected high.

5.4.4 Experimental results

Following the trajectory shown in Fig. 5.3. The results are shown in Fig. 5.5, for which SAC,

ASMC, and CNTSMC are considered as the conventional approaches. The proposed approach

reduces the tracking error more e�ectively than conventional approaches. However, as seen in

Fig. 5.5 (b)-(i) and (b)-(ii), and Fig. 5.7, it requires a higher control input to achieve this

level of performance. ASMC and the proposed approach have auxiliary control input compared

to SAC. CNTSMC auxiliary control input is based on time-delay estimation approach. For

repeatability purposes, Fig. 5.6 illustrates the steady-state mean tracking error results after 1
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Figure 5.5: Experimental tracking control performance

second from the experimental 10 runs using a heart-shaped trajectory. This result shows the

e�ciency of the proposed controller in comparison to conventional approaches. The proposed

approach managed to reduced the mean tracking error by about 58.6% and 73% for axes 1

and 2, respectively as compared to SAC and by about 52.7% and 61.8% for axes 1 and 2,

respectively when compared to ASMC. In addition, the proposed approach when compared to

CNTSMC managed to reduce the tracking error by about 35.03% and 52.5% for axes 1 and

2, respectively. CNTSMC results to a lower absolute mean tracking error by about 36.26%

and 43.08% compared to ASMC, and by 27.2% and 19.6% compared to SAC for axes 1 and 2,

respectively. ASMC achieves lower mean tracking error by about 12.4% and 29.2% for axes 1

and 2, respectively as compared to SAC.

Figure 5.7 shows the measured energy on all controllers for the 10 trial runs on axes 1 and

2. Compared to CNTSMC, ASMC, and SAC, the proposed controller requires extra energy by

about 30.6% and 28.9%, 20% and 11.9%, and 16% and 11.1% for axes 1 and 2, respectively.

CNTSMC achieved smoother control input with reduced energy by 17.3% and 20.1%, and 13.2%

and 19.3% for axes 1 and 2, respectively, compared to SAC and ASMC approaches. In addition,
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Figure 5.6: Experimental repeatability performance

ASMC managed to achieve reduced energy consumption by about 4.8% and 0.9% for axes 1 and

2, respectively compared to SAC. The controller gains are shown in Fig. 5.8 for the adaptive

controllers on the augmented tracking error controller gains. The proposed approach achieved

lower controller gains kai, kxi, and kui as compared to ASMC and SAC because of smaller

tracking errors. There are high oscillations around times 2 seconds, 4 seconds, and 7 seconds

for the proposed controller in Fig.5.8 when tracking errors are smaller because the proportional

gain is high. The supplementary control inputs for ASMC and proposed compared to SAC

controller further penalize the tracking errors to smaller values and there controller gains for

the proposed approach are shown in Fig. 5.9. In addition, the proposed approach (c) performs

better than SAC, ASMC, and CNTSMC on overall performance as shown in Fig. 5.10 as eci is

the contour error calculated as in [87].
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Figure 5.7: Experimental energy consumption

5.5 Discussion

Primarily, the proposed approach demonstrated superiority regarding tracking error reduction

compared to SAC, ASMC, and CNTSMC as shown in Figs. 5.5, 5.6, and 5.10, respectively.

CNTSMC achieves lower energy consumption magnitude compared to the rest of the controllers

because of non-linear term c2isig(ėvi)
ϕ2i in (5.62) ensures the control action is gradual, improving

the smoothness of control inputs and the other non-linear term c1isig(evi)
ϕ1i provides additional

control e�ort, allowing the controller to respond more aggressively to larger errors, hence it

outperforms ASMC and SAC. ASMC achieves smoother control input because of the corrective

control input rsi(ssi) as shown in (5.58), which improves the e�ectiveness of the control system.

Because ASMC has an extra control input, it achieves lower tracking errors than SAC. The

proposed approach achieves superior performance in terms of tracking accuracy compared to
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Figure 5.8: Controller gains (kai,kxi, kui)

CNTSMC because of the proportional and integral adaptation laws (5.42-5.43) which contain

non-linear terms of sliding variable and augmented tracking errors for �nite-time convergence.

The auxiliary control inputs, which are kT

tieti and rsi(sai) compared to SAC as shown in (5.53)

and (5.57) adds robustness to the design. The signals eti and sai are related to tracking errors.
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Figure 5.9: Controller gains (kti)

In addition, the signals possess fractional power, which introduces non-linearity into the control

action. This allows di�erent control input responses from di�erent error magnitudes. If |eai| > 1,

the auxiliary control input response to the tracking error will be less aggressive, unlike when

the augmented tracking error is less than 1 because |eai|
qi
pi grows slower when |eai| > 1. The

rate at which the signals increase or decrease is determined by the fractional power. This is

speci�cally con�gured with odd numbers of pi and qi, under the condition that pi is greater

than qi. Therefore, this design may prevent the controller from over reacting to large errors

and causing the system to become unstable. Furthermore, when the error is small |eai| < 1, the

controller response will be more aggressive, which can reduce the error more quickly. However,

as shown in Figs. 5.5 and 5.7, energy consumption may increase.
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Figure 5.10: Experimental contouring performance

One such source is mechanical vibrations, which can be triggered by imperfections in the me-

chanical components, misalignment, or even external vibrations as shown in Fig. 5.11, with the

peaks around the lower frequencies (below 500 Hz). Another signi�cant contributor to these dis-

turbances is friction. This includes nonlinear and variable forces that are particularly noticeable

at low velocities or during changes in direction. Disturbances can also arise from electrical noise

present in the drive's control electronics. Additionally, thermal e�ects can lead to disturbances.

For instance, changes in temperature can cause thermal expansion or contraction, which in

turn can impact the positioning accuracy of the system. Estimating these disturbances may

pose a unique challenge, especially when using a model-free approach in experiments. This

is primarily due to the absence of a prede�ned plant model, which would otherwise help to

e�ectively quantify and isolate the disturbances.

From the SAC theory [39], the adaptive controller gains kxmi and kumi from (5.21) perform
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Figure 5.11: FFT for open-loop excited experiments

gradient steepest descent towards minimizing the tracking error, and therefore kewi is included

for stability concerns which is related to tracking error [38]. The auxiliary input signal eti

in the proposed approach control law is a function of the augmented tracking error as given

in (5.37), which is used to calculate the auxiliary adaptive control gain kti. Therefore, the

auxiliary control input contributes to stability of the system as shown in the stability analysis.

5.6 Summary

In this chapter, a novel approach is presented that combines simple adaptive and integral ter-

minal sliding mode control for industrial feed drive systems application. The design of the

adaptive control law is derived from a fractional power of the integral terminal sliding surface,

which is based on velocity-based augmented output signal. The mode control con�guration

employs a technique similar to simple adaptive control. This unique formulation enables the
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proposed controller to overcome challenges associated with estimating plant parameters when

using integral terminal sliding mode control. To validate the e�ectiveness of the proposed

method, simulations and experiments were conducted. The results are compared with con-

ventional methods. The proposed approach outperforms the conventional methods, achieving

superior tracking accuracy. This shows the proposed controller can be used in enhancing the

performance of industrial feed drive systems.
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Chapter 6

Conclusions and future works

6.1 Conclusions

Ball-screw feed drive systems are crucial parts in the manufacturing industry and are widely

used because of their simple structure, high transmission accuracy and low sensitivity to varia-

tions. Industrial machine operations are currently driven by ball-screw feed drive systems the

need for high tracking accuracy and energy-saving e�ciency. This can be achieved by con-

structing feedback control law that is simple to implement and ensures high tracking accuracy

with minimum e�ort. Simple adaptive control is a direct type of model referencing adaptive

control which enables to construct the adaptive control system regardless of the plant order.

To implement the SAC algorithm, it requires the almost strictly positive real property adhered

for stability of the control system and to achieve model output following by feed-forward com-

pensation using the command generator tracker concept. Despite the SAC advantages of lack

of dependence on plant parameter estimates, the main constraint is the requirement of the

ASPR-ness of the plant.

In the Chapter 2, preliminaries of simple adaptive control for ASPR plants are described to set

precedent for the following chapters. Furthermore, the recent new concept of terminal at tractor

inclusion to sliding mode and its shortcoming is also discussed and dynamics of a ball-screw

feed drive systems used for simulation studies.

107



Chapter 6. Conclusions and future works 6.1. Conclusions

To enhance the e�ectiveness of the SAC to feed drive systems which does not satisfy the ASPR

property, the jerk-based augmented output signal feedback for ASPR property is proposed in

Chapter 3. The jerk-based augmented output signal uses the position, velocity, acceleration,

and jerk information to achieve the ASPR property. High tracking accuracy is achieved by

assigning maximum allowable value on the higher-order derivatives of position. The stability

of the proposed SAC algorithm is shown. The e�ectiveness of the proposed approach is shown

on simulations and veri�ed on experiments. The proposed approach achieves higher tracking

accuracy and less energy consumption as compared to the widely known approach of parallel

feedfoward compensator.

Chapter 4 extends the idea from Chapter 3 to contouring control which is highly recommended

for feed drive applications. This chapter proposes simple adaptive contouring control (SACC)

using jerk-based augmented output signal for the ASPR property. The ASPR property guaran-

tees the stability of the controlled system even when adaptive gains are high. SACC is designed

by following the tangent-contour control scheme while using the SAC technique to enhance the

contouring accuracy. The simulation analysis and experimental validation are provided to show

the e�ectiveness of the proposed technique. The proposed contouring approach achieves lower

contour error and energy consumption by about 45%, and 3% respectively, as compared to the

most common parallel feedforward compensation approach.

A modi�ed SAC algorithm made of integral terminal sliding mode control procedures is pro-

posed for industrial feed drive systems in Chapter 5. The adaptive control law is designed from

a fractional power integral terminal sliding mode control con�guration using a simple adaptive

control-like technique. This formulation allows the proposed controller to mitigate the plant

parameters estimation di�culties while bene�ting from the inclusion of fractional power signals

in the adaptive control law. Simulation and experiments were conducted using the proposed

approach compared to conventional approaches. The proposed approach has shown to achieve

higher tracking accuracy compared to the conventional approaches under the same tracking

conditions. Experimental results show that the proposed approach can reduce by about 58.6%

and 73% for axis 1 and 2, respectively as compared to simple adaptive control only.

In summary, the proposals in this thesis addresses the requirement of ASPR-ness for the feed

drive systems with the objective to achieve high tracking and contouring accuracy. In the

context of the energy consumption by industrial machines, the energy saving capabilities of
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the proposed controllers relative to the conventional approaches might seem relatively small.

However, given that industrial activities are continuous, even minor percentage reductions can

accumulate to signi�cant energy savings over a period. For instance, an industrial machine

running around the clock can realize notable annual energy and cost savings with a mere small

percentage enhancement in energy savings. Additionally, when you factor in the hundreds of

machines working concurrently, the aggregate impact can be considerably larger. The suggested

schemes for adaptive control design of feed drive systems can be useful for plants with little or

no information on plants order and plants parameters.

6.2 Future works

The main objective of this thesis is to improve the tracking and contouring accuracy of the feed

drive systems with capability of reducing the energy consumption for the feed drive systems to

contribute in energy resource shortage and environmental e�ects. In the future the following

scenarios can be further explored to contribute to knowledge and industrial applications as

follows:

■ Feed drive systems are highly a�ected by friction which is nonlinear in nature and its

not yet clear that adaptive control techniques proposed in this thesis can compensate

them adequately or needs further formulations to ensure and achieve higher tracking

accuracy and energy-saving capabilities, this concept can be further explored and clari�ed

for industrial applications and narrowing the knowledge gap for future developments.

■ In the jerk-based augmented output signal for ASPR property approach requires the

relative gains assigned to be maximum allowable values to the higher-order derivatives

signals and high adaptation scaling factors on the controller gains to achieve high tracking

accuracy. This improves the steady-state response signi�cantly. However the transient

response sometimes becomes worse because of the overshoots especially on the contouring

control. This can be further investigated and reduced or eliminated.

■ The scheme proposed in Chapter 5 is limited to tracking accuracy and extra control

input e�ectiveness is less aggressive when tracking error is greater than 1 and might
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limit some applications. The formulation can be extended to faster convergent speed

when the tracking error and ensures that the tracking error converges to zero within a

limited time. In addition, extension to contouring control which is highly recommended for

general contour applications in the industry. Furthermore, the switching gain which is the

robust part of the simple adaptive terminal sliding mode control to handle disturbances

is assigned to be constant can be replaced with the adaptive mechanism that will allow

for higher contouring and tracking accuracy.

■ This thesis uses the augmented output signals consisting of higher-order derivatives and

position of the industrial feed drive system. This enables the extended plant to have the

ASPR property and apply the SAC successfully. The allowable maximum value of the

augmented output signal can be assigned in the design such that high precision control

is expected. However, there might be limited because the relative assigned gains to the

higher-order derivative(s) are constant which might hinder further performance. These

relative gains can be further adjusted to be adaptive in nature.
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