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Toyohashi University of Technology

Abstract

Toyohashi University of Technology

Department of Mechanical Engineering

Doctor of Engineering

Design and Control of a Redundant Wheeled Drive System for Fail Safe

Motion and Energy Saving

by Shuaiby Mohamed Shuaiby Ragab

Mobile robots are widely used in many different applications and areas, such as trans-

portation, the military domain, medicine, search and rescue, guidance, hazard detec-

tion, and carpet cleaning. Because of their relatively low mechanical complexity,

simple controllers, and energy consumption, wheeled robots are the most widely

used class of mobile robots. Robots usually carry limited power sources, such as

rechargeable batteries. In addition, because it is generally impossible to add more

power while working, the battery capacity determines the operating time of mobile

robots. Energy saving is important topic in mobile robots for increasing the operating

time under limited capacity.

With ever more people who are elderly or have disabilities, there is growing demand

for mobility support devices and care equipment to improve their quality of life.

Nowadays, Japan’s declining birthrate and aging population are having a profound

impact on society, the economy, and culture. Hence, an essential task for Japanese
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society is to improve the quality of life for people who are elderly or have disabilities

and to support their self-movement.

A differential wheeled mobile robot (WMR) involves two independently driven wheels

on a common axis. The robot moves forward or backward in a straight line when the

wheels rotate at the same speed, but follows a curved path along the arc of an in-

stantaneous circle around the instantaneous center of rotation (ICR) when one wheel

rotates faster than the other. The robot turns about the midpoint of the two driving

wheels when both wheels rotate at the same velocity in opposite directions. If one of

the motors was to break down or become damage for some reason, the robot would

roll around the wheel connected to the damaged motor. Eventually, there could be a

risk to the passenger’s life because he or she could no longer continue moving. Ac-

cording to existing surveys incidents with wheelchairs were in 33% of the collected

cases caused by component failure such as control system and drive train.

This work presents the design of a new system that consists of a redundant drive

system that allows motion to continue safely should one of the motors break down,

and that is also able to operate for longer because of lower energy consumption.

This provides the use of each motor at its efficient operating condition. The system

has two drive wheels with three motors and two planetary gears. Motors 1 and 2

are connected to the left and right wheels, respectively, through each planetary gear.

Motor 3 is connected to both the right and left planetary gears and supplies power to

both wheels. The planetary gears consist of an internal gear, a planetary carrier, and

an a planet gear that revolves around a sun gear. In this system, the sun gear connects

to Motor 3, the internal gear connects to Motors 1 and 2, and the planetary carrier

connects to each wheel.

This dissertation consists of three main parts. The first part considers the dynamic

modeling of a redundant wheeled drive system with nonholonomic constraints. In

addition, it is assumed that, as for a personal mobility vehicle such as an electric

wheelchair, the desired linear and angular velocities of the vehicle are given by its

operator. These velocities are typically transformed into desired velocities of the left

and right wheels. Next, these wheel velocities are transformed into angular velocities

iv



of three motors by using a distribution controller. In addition, a fixed ratio d of angu-

lar velocities of a wheels to the velocity of Motor 3 is introduced. The optimum value

of d depends on the actuator specifications and is found by simulation/experiment.

The second part of this thesis describes the possibility of the proposed new drive

system for energy saving and fail safety by applying two controllers, namely a distri-

bution controller and a state-feedback controller. The distribution controller creates

a reference angular velocity of the motors. In addition, by assuming that the com-

mercial motor controllers are based on proportional-derivative (PD) control, a state-

feedback controller is applied to the proposed WMR as the feedback controller. The

feedback gains of that controller are obtained by the pole placement method. Experi-

ments are conducted to verify the effectiveness of the proposed method; for the linear

and circular motion, a distribution ratio of d = 2 provides reduction of 20.45% and

13.05%, respectively, in the consumed energy compared to the case in which only

two motors operate.

The third part of this thesis considers robust tracking and energy-saving control for a

redundant wheeled drive system using sliding-mode control (SMC). A comparative

study is conducted between a linear quadratic regulator (LQR) and pole placement

control (PPC). Computer simulations are performed to verify the effectiveness of the

proposed method, and there are no significant differences among the SMC, LQR, and

PPC approaches. The effectiveness and reliability of the proposed method are eval-

uated in a real environment with disturbances by performing multiple experiments.

For linear motion, the minimum mean energy required is 50.08 J for SMC (d = 1.5),

38 J for SMC with sat(.) (d = 2), 59.89 J for LQR (d = 2), and 63.43 J for PPC

(d = 2). For circular motion, the minimum mean energy required is 50.92 J for SMC

(d = 1.5), 41.32 J for SMC with sat(.) (d = 2), 57.3 J for LQR (d = 1.5), and 59.37 J

for PPC (d = 2). The experimental results show that SMC with sat(.) provides robust

tracking performance with less energy.

Finally, the dissertation is concluded and future work is described.
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Chapter 1

Introduction

1.1 Background

Mobile robots are expected to be applied not only to transportation work in factories

but also to living support in an aging society. WMRs are very popular in applications

requiring relatively low mechanical complexity and energy consumption. An electric

wheelchair is one of the most commonly used assistive devices for enhancing the

personal mobility of people with disabilities, being the only mode of independent

travel that affords the possibility of moving freely both indoor and outdoor.

Nowadays, Japan’s declining birthrate and aging population are having a profound

impact on society, the economy, and culture. So, an essential task for Japanese soci-

ety is to improve of the quality of life for people who are elderly or have disabilities,

and to support their self-movement. With ever more people being elderly or having

disabilities, there is growing demand for mobility support devices and care equip-

ment to improve their quality of life [1–9]. Alex Mihailidis et al. developed an in-

telligent powered wheelchair to support safe and productive mobility of the disabled

and the aged [1]. The system uses an infrared sensor to avoid collisions. Prassler

et al. used a commercial wheelchair that has been equipped with an intelligent con-

trol and navigation system to support elderly people and people with disabilities, and

to provide them with a certain amount of mobility and independence [2]. David E

Miller et al. described two low-cost robotic wheelchairs that assist the operator of the

wheelchairs in avoiding obstacles and going to pre-designated places [3]. In addition,
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wheelchairs take the human user to the destination in a variety of forms ranging from

direct control to specification of the desired final position. Babel et al. discussed

a navigation assistance system for power wheelchairs with obstacle detection and

avoidance to support people with limited motion skills such as elderly and disabled

people, and to provide them with the possibility to travel indoor and outdoor inde-

pendently [4]. A smart electric wheelchair equipped with a stereo omni-directional

camera system has been developed to support safe self-movement of the people with

impaired mobility in [5]. This electrical wheelchair can realize the functions of de-

tecting potential hazards in a moving environment and the postures and gestures of a

user.

Autonomous wheelchairs based on commercially available motorized wheelchairs

have been proposed to support people with certain types and degrees of handicap in

[6]. In addition, a brief survey of research on intelligent wheelchairs has been con-

ducted and is still ongoing at some institutions. In [7] an intelligent wheelchair has

been developed in order to support safe mobility for people who are elderly or have

disabilities with various impairments . The authors used in this work two different

control schemes, namely joystick control and system control. In addition, this system

offers obstacle detection and avoidance. Holly Yanco et al. developed a low-cost as-

sistive robotic wheelchair system for people who have disabilities [8]. The assistive

robotic wheelchair offers obstacle avoidance and automatic driving to target places

specified by a user. The authors of [9] performed clinical evaluation of the drive-

safe system for people with disabilities. The drive-safe system performs in avoiding

collisions for independent and safe mobility for visually impaired wheelchair users.

However, the safe motion control of a powered wheelchair requires a significant level

of skill, attention, judgment, and appropriate behavior.

A differential wheeled mobile robot (DWMR) involves two independently driven

wheels on a common axis [10]. The robot moves forward or backward in a straight

line when the wheels rotate at the same speed, but follows a curved path along an arc

of the instantaneous circle, around the ICR when one wheel rotates faster than the

other [10]. The robot turns about the midpoint of the two driving wheels when both

wheels rotates at the same velocity in opposite directions.
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If one of the motors was to break down or become damage for some reason, the

robot would roll around the wheel connected to the damaged motor. Eventually, there

could be a risk to the passenger’s life because he or she could no longer continue to

move. Unfortunately, powered wheelchairs can pose a risk to users when failures

occur. According to existing survey incidents with wheelchairs were in 33 % of the

collected cases caused by component failure such as control system and drive train

[11]. Xiang et al. reports 20 % of adult injuries were associated with component

failure [12, 13]. Wheelchair breakdown can result in a lack of mobility, which has

been linked with reduced quality of life [13].

1.1.1 Energy saving in mobile robots

Mobile robots are usually powered by rechargeable batteries. However, these gener-

ally take time to charge, it is not possible to supply additional energy while the robot

is working, and extending the duration of movement is a major issue. The batter-

ies are a limited source of power, which hence constrains the operating time of the

mobile robot. Therefore, saving energy is important in order to increase the robot’s

operating time [14–18]. A genetic algorithm has been used to generate optimal solu-

tions of the coverage path planning problem for autonomous mobile robots on natural

terrain with respect to energy consumption [14]. In addition, the authors have taken

into account the electrical losses provided by the model of an electrical motor driven

robot. Barili et al. [15] proposed a method to control the traveling speed of an au-

tonomous mobile robot working in environments cluttered with unpredictable obsta-

cles such as civil buildings. The authors of [16] proposed an energy-optimal control

for differential-driven wheeled mobile robot to minimize the total energy drawn from

the batteries. However, they considered only the translational motion of the WMR.

An innovative scout design has been proposed in [17]. The scout combines jump-

ing locomotion and rolling capabilities. A case study of a mobile robot has been

presented in [18]. In addition, they introduced two energy-conservation techniques,

namely dynamic power management and real-time scheduling to reduce the power

consumption and extend the operation time of mobile robots.
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WMRs usually have many components, such as sensors, batteries, motors, con-

trollers, and motor drivers. There are several ways to save energy, such as improv-

ing the power efficiency of the motor power supply and using energy-efficient mo-

tors and an energy-minimizing control [19–22]. An energy-optimal control strategy

for incremental motion of dc drives has been developed, and its microprocessor-

based implementation is proposed in [19]. An efficient iterative search algorithm

for battery-powered wheeled mobile robots has been proposed in [20] to generate

an energy-efficient velocity profile which extends the operating time of WMRs . In

addition, they have been developed a new objective function related to motor dynam-

ics, control input, and velocity profile. A new approach has been proposed to find

energy-efficient motion plans for mobile robots in [21]. The authors used manipula-

tor Jacobian for computing the energy consumption of different plans. An optimal

motion planning has been proposed for wheeled mobile robot [22]. In addition, the

authors have been formulated the motion planning problem as two stage planning.

First, the path is planned using geometric methods under kinematic constraints. Then

a optimal trajectory is generated considering dynamic properties.

In the past few decades, much research has been conducted into energy saving in

mobile robots [21, 23–34]. An optimal motion planning method has been proposed

for a mobile robot with minimum energy consumption [23]. However, only a straight

line motion was considered. Makimoto et al. [24] suggested that the mobile robot

would be provide a tremendous challenges for future low power design. A robot de-

ployment approach has been proposed to reduce the deployment overhead [25]. In

addition, the deployment method considers both energy and timing constraints and

it is applied to covering areas with obstacles. A class of nonlinear optimal control

problems including energy minimization combined with time minimization and ob-

stacle avoidance has been developed in [26]. Ueno et al. proposed a differential-drive

steering system for the caster drive wheel of an omni-directional mobile robot [27].

However, that system is complex because it uses two motors for each wheel. Fur-

thermore, the improvement in energy consumption was not analyzed theoretically or

experimentally.
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Deshmukh et al. discussed the significance of power management for long-term op-

eration of mobile robots [29]. Duleba and Sasiadejk discussed a modification of the

Newton algorithm applied to nonholonomic motion planning for energy optimization

[30]. However, the amount of consumed energy could not be estimated. Francisco et

al. proposed a trajectory-tracking controller for a unicycle-like mobile robot, includ-

ing a neural adaptive compensator [31]. A nonlinear adaptive trajectory tracking has

been proposed for autonomous mobile robot [32]. A simple neuron-based adaptive

controller for trajectory tracking has been proposed for nonholonomic mobile robots

[33]. An adaptive controller has been proposed for a nonholonomic mobile robot

by using a nonlinear proportional-integral-derivative (PID) based analog neural net-

work [34]. However, none of those studies considered the issue of energy saving in

the control.

1.2 Motivation and Research Objectives

Mobile robots are expected to be applied not only to transportation work in factories

but also to living support in an aging society. With ever more people who are el-

derly or have disabilities, there is growing demand for mobility support devices and

care equipment to improve their quality of life. Although many drive mechanisms

have been proposed for mobile robots so far, from the viewpoint of practicality, two-

wheeled differential robots such as electric wheelchairs are still widely used. With

a two-wheeled differential robot, by controlling the speeds of both wheels indepen-

dently, translation and turning of the body can be realized. However, if one wheel

fails, this movement cannot continue and there could be a risk to the passenger’s

life. For this reason, it is important to increase the number of drive wheels and add

redundancy.

In addition, mobile robots are powered mainly by rechargeable batteries, but these

generally take time to charge. Therefore, saving energy is studied to increase the op-

erating time. To this end, this thesis proposes a new system consisting of a redundant

drive system, that has two driven wheels with three motors and two planetary gears.
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This system allows to continue the motion safely should one of the motors break

down for some reason, and that is also able to operate for longer by saving energy.

1.3 Thesis Contributions

The main contributions of this thesis are as follows:

(1) Design of a new redundant drive system, that has two driven wheels with three

motors and two planetary gears. This system maintains the motion to continue

safely should one of the motors break down for some reason, and that is also

able to operate for longer by saving energy.

(2) Modeling of the dynamics of the proposed system.

(3) Design of a distribution controller and introduction of a fixed ratio d of angular

velocities of a wheels to the velocity of Motor 3. The optimum value of d

depends on the actuator specifications, with the optimum value being found by

simulation/experiment for different WMR systems.

(4) Investigation of energy saving and fail-safe motion of the proposed new drive

system.

(5) Enhancement of the tracking performance with less energy by applying SMC.

1.4 Thesis Outline

This thesis is divided into five chapters. The rest of this thesis is organized as follows:

• Chapter 2: In this chapter, design of a new redundant drive system, that has

two driven wheels with three motors and two planetary gears. The redundant

wheeled drive system was driven is modeled dynamically. The derived models

are used in the controller design. This chapter also details the experimental

testbed and its parameters.
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• Chapter 3: This chapter investigates the possibility of the proposed new drive

system for energy saving and fail safety by applying two controllers, namely a

distribution controller and state-feedback controller. In addition, it is assumed

that, like a personal mobility vehicle such as an electric wheelchair, the desired

linear and angular velocities of the vehicle are given by its operator. Thus,

these velocities are typically transformed into desired velocities of the left and

right wheels. Next, these wheel velocities are transformed into motor velocities

of three motors by using a distribution controller. In addition, by introducing

a fixed ratio d of the angular velocities of a wheels to the velocity of Motor 3.

The optimum value of d depends on the actuator specifications and the driving

situation, it being found by simulation/experiment for different WMR systems.

In addition, it is assumed that the commercial motor controllers are based on

proportional-derivative(PD) control, and the state-feedback controller was ap-

plied to the proposed WMR as the feedback controller. Multiple experiments

are conducted to assess the effectiveness of the proposed method.

• Chapter 4: In this chapter, robust tracking and energy-saving control is con-

sidered for a redundant wheeled drive system using SMC. For the distribution

controller presented in chapter 3, a comparative study is conducted between

using a LQR and PPC . Computer simulations are performed to verify the ef-

fectiveness of the proposed method, and there are no significant differences

among the SMC, LQR, and PPC approaches. the effectiveness and reliability

of the proposed method are evaluated in a real environment with disturbances

by performing several experiments. The experimental results show that SMC

with sat(.) provides robust tracking performance with less energy.

• Chapter 5: This chapter presents conclusions and suggestions for future work.
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Chapter 2

Design and Modeling of a Redundant

Wheeled Drive System

2.1 Introduction

Mobile robots are mechanical devices capable of moving in an environment with a

certain degree of autonomy. The difference between mobile robots and most indus-

trial robots is that the former move freely within predefined workspaces, whereas

the latter are confined to their assigned workspaces. This mobility capability enables

such robots to be deployed in a wide range of structured and unstructured environ-

ments.

WMRs can be used in many different fields, from civil applications to military ones.

These applications include search and exploration, guidance, rescue, hazard detec-

tion, surveillance, transportation, and many other tasks [10, 35]. WMRs are very

popular in applications requiring relatively low mechanical complexity and energy

consumption. The maneuverability of a WMR depends on the wheels and drives

used: three degrees of freedom (DOFs) enable the maximal maneuverability needed

for planar motion, such as movement through hospitals and museums and on ware-

house floors and roads [10, 36, 37]. Non-holonomic WMRs have fewer than three

planar DOFs but are simpler and cheaper to construct because they require fewer

than three motors. The main problems in WMR design are control, stability, maneu-

verability, and traction.
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WMRs are typically equipped with differential drives that consist of two fixed pow-

ered wheels mounted on the left and right sides of the robot platform. The two wheels

are driven independently. Balance and stability are provided by one or two passive

castor wheels. A differential drive is the simplest mechanical drive because it re-

quires no rotation around the driven axis. If the wheels rotate at the same speed, the

robot moves forward or backward in a straight line; if one wheel rotates faster than

the other, the robot follows a curved path along an arc of the instantaneous circle. If

both wheels rotate at the same speed in opposite directions, the robot turns about the

midpoint of the two driving wheels.

With a two-wheeled differential robot, by controlling the speeds of both wheels inde-

pendently, translation and turning of the body can be realized. However, if one of the

motors should break down or become damaged for some reason, the robot would roll

around the wheel that is connected to the damaged motor. Eventually, there could be

a risk to the passenger’s life because he or she could not continue moving. For this

reason, it is important to increase the number of drive wheels and add redundancy.

The research group of which the author was a member design a redundant drive sys-

tem using three motors and two planetary gears and it is possible to drive two wheels

by three motors. This system allows the motion to continue safely should one of

the motors break down, and that is also able to operate for longer because of lower

energy saving consumption.

In this chapter, the dynamics of the proposed system and the derived models were

used in the controller design in this study are discussed. This chapter also details the

experimental testbed and its parameters.

2.2 Design of a Redundant Wheeled Drive System

2.2.1 System structure

In general, a DWMR has two driving wheels which are attached to both sides of the

device, and each wheel is driven by one motor independently. The system proposed

9



Chapter 2. Design and Modeling of a Redundant Wheeled Drive System

in this study is a two-wheeled differential-drive mobile robot, and considers a redun-

dant wheeled drive system as shown in Figs. 2.1 and 2.2. The proposed system has

two drive wheels with three motors and two planetary gears. The gears have high

transmission efficiency and durability for high power. In addition, there are two front

caster wheels that are used for balance and stability. As shown in Fig. 2.1, Motors 1

FIGURE 2.1: Redundant wheeled drive system

FIGURE 2.2: Experimental device (Back Side)

and 2 are connected to the left and right wheels, respectively, through each planetary
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gear. Motor 3 is connected to both right and left planetary gears and supplies power

for both wheels. The planetary gears consist of four main part, namely an internal

gear, a planetary carrier, and an a planet gear that revolves around a sun gear. The

sun gear connects to Motor 3, the internal gear connects to Motors 1 and 2, and the

planetary carrier connects to each wheel.

2.2.2 Experimental setup

For this work, as shown in Fig. 2.3, an experimental testbed of a redundant wheeled

drive system was used as designed by the research group of which the author was a

member.

FIGURE 2.3: Experimental redundant wheeled drive system testbed

As shown in Fig 2.4, the WMR was connected to a personal computer (PC) installed

with a pulse-counter board with two channels of 24-bit up/down counters and a

digital-to-analog (DA) board with 16-bit resolution. Figures 2.5-2.7 show the DA

board, the counter board, and the motor driver, respectively. The laptop PC acted as

a controller to these boards, generating the input and output signals. In addition, to

measure the angular speeds of the motors, two optical encoders of resolution 0.352
◦/count are attached to Motors 1 and 2, and an optical encoder of resolution 0.18
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◦/count is attached to motor 3. The motor drivers shown in Fig 2.7 are also used in

a current-control mode by which an electric current is supplied that is proportional

to the voltage commanded from the laptop PC to each motor. The experimental

components of a redundant wheeled drive system testbed that is utilized in the study

are given in Table 2.1.

Tables 2.2-2.9 list the parameters of the experimental system.

FIGURE 2.4: Overview of the control system

FIGURE 2.5: DA board
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FIGURE 2.6: Counter board

FIGURE 2.7: Motor driver

TABLE 2.1: Components of experimental testbed

Components Type Manufacturer

DC motor RE30, 60 Watt Maxon motor

Motor driver ADS 50/5 Maxon motor

Encoder of Motor 3 HEDL 5540 Maxon sensor

Encoders of Motors 1 and 2 MR Type L Maxon sensor

Counter board CNT24-2(USB)GY Contec

Planetary-gear system LGU75-M-4MDD Matex

DA converter board AO-1604LX-USB Contec

PC
Intel(R) Core(TM) i7-4712MQ

CPU G630 @ 2.30GHz 2.29GHz
Windows 8.1 64 bits

Microsoft
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TABLE 2.2: Parameters of the WMR

Symbol Parameter Value[unit]

Mw Mass 46.0[kg]

I Moment of inertia 0.625[kgm2]

Rw Radius of wheels 0.165[m]

L
Distance from WMR’s center
point to either driving wheel 0.275 [m]

TABLE 2.3: Specifications of the three Motors

Parameter Value Unit

Nominal voltage 12 [V]

No-load speed 8,170 [rpm]

No-load current 301 [mA]

Nominal speed 6,730 [rpm]

Nominal torque
(max. continuous torque) 51.6 [mNm]

Nominal current
(max. continuous current) 4 [A]

Rotor inertia 33.7x10−7 [kgm2]]

Torque constant 13.9 [(mNm)/A]

Max. efficiency 85 [%]

TABLE 2.4: Specifications of motor driver

Parameter Value Unit

Power supply voltage Vcc 12-50 [V]

Maximum output voltage 0.9 Vcc [V]

Maximum output current 10 [A]

Continuous output current 5 [A]

PWM frequency 50 [kHz]

Setting (command) value −10 · · · +10 [V]
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TABLE 2.5: Specifications of encoders of Motors 1 and 2

Item Specification

Counts per turn 256

Number of channels 3

Max. operating frequency 80 [kHz]

Maximum speed 18,750[rpm]

Output signal TTL compatible

Phase shift φ 90 e◦ ± 45 e◦

Moment of inertia
of code wheel ≤1.7x10−7 [kgm2]

TABLE 2.6: Specifications of encoder of Motor 3

Item Specification

Counts per turn 500

Number of channels 3

Max. operating frequency 80 [kHz]

Maximum speed 1,200[rpm]

Output signal EIA RS 442

Phase shift φ 90 e◦ ± 45 e◦

Moment of inertia
of code wheel ≤0.6 x10−7 [kgm2]

TABLE 2.7: Specifications of DA board

Item Specification

Isolated specification Non-isolated

Number of output channels 4 channels

Output range Bipolar ± 10 [V]

Absolute max. output current ± 3[mA]

Resolution 16 [bit]

Output impedance 1Ω or less

Conversion speed 10 [s]
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TABLE 2.8: Specifications of counter board

Item Specification

Channels count 2 channels

Counting system Up/down counting

Max. count FFFFFFH (binary data)

Input resistance 220Ω and above

Input ON current 15-25[mA]

Conversion speed 10 [µs]

TABLE 2.9: Specifications of planetary-gear system

Item Specification

Nominal speed reduction ratio 4

Maximum torque 785x10−2[Nm]

2.3 Modeling a Redundant Drive System

2.3.1 Dynamical model

The motion of the WMR is shown schematically in Fig. 2.8. The proposed model

includes a planetary gear property. The WMR has a plate body that has two identical

driving rear wheels that are controlled by three independent actuators, and two front

caster wheels that are used for motion stability. In this study, it is assumed that any

slipping of the wheels can be ignored. Dynamic modeling is based on the laws of

mechanics and involves three physical elements that exist in any real mechanical

system, namely inertia, elasticity, and friction, [10, 37, 38]. The dynamics of the

present mobile robot shown in Fig. 2.8 in is given by

Mwν̇ = DR +DL, (2.1)

Iwφ̈ = (DR−DL)L, (2.2)
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where Mw, Iw, ν̇ , and φ̈ are the mass, moment of inertia, translational acceleration,

and angular acceleration of the robot, respectively, and DR, DL, and L represent the

driving forces applied to the right and left wheels, and the distance from the WMR’s

center point to either driving wheel, respectively. The relationship between the linear

FIGURE 2.8: Two-wheeled mobile robot

velocity ν of the WMR, its angular velocity φ̇ , and the angular velocity of the two

driving wheels is given byν

φ̇

=

 Rw/2 Rw/2

−Rw/2L Rw/2L

θ̇L

θ̇R

 , (2.3)

where θ̇R and θ̇L represent the angular velocity of the right and left wheels, respec-

tively, and Rw is the wheels radius. The linear acceleration ν̇ of the WMR and its

angular acceleration φ̈ in Eqs (2.1) and (2.2) are given by the following equations:

ν̇ =
Rw

2
(θ̈L + θ̈R) (2.4)

φ̈ =
Rw

2L
(θ̈R− θ̈L) (2.5)

where θ̈R and θ̈L represent the angular accelerations of the right and left wheels,

respectively.
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From Eqs. (2.1)-(2.5), the driving forces DL and DR, are obtained as follows:

DL =
Rw

4
(Mw +

Iw

L2 )θ̈L +
Rw

4
(Mw−

Iw

L2 )θ̈R (2.6)

DR =
Rw

4
(Mw−

Iw

L2 )θ̈L +
Rw

4
(Mw +

Iw

L2 )θ̈R (2.7)

2.3.2 Planetary-gear mechanism

The planetary-gear set, also known as the epicyclic gear train, is one of the most

important and interesting inventions in engineering. It is a great mechanisms for

varying speed, and is often used in automobiles as a vital part of an automatic trans-

mission [39, 40]. A planetary-gear mechanism has two DOFs and four main parts,

namely a sun gear, a planetary gear, an internal (ring) gear, and a planetary carrier,

as shown in Fig. 2.9 [41].

FIGURE 2.9: Planetary-gear system

In this study, a planetary-gear mechanism is used as a power combining mechanism

with the sun gear and the internal gear as the input shaft, and Motors 1 and 2 are

connected to the left and right planetary gears, respectively. The shaft of Motor 3

is connected to the sun gears of the left and right planetary-gear mechanisms and

supplies power for both wheels. The left and right driving wheels are connected to

the planetary carrier, which is the output shaft of the left and right planetary-gear
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mechanisms.

When the internal gear is fixed, the relationship between the rotation speeds of the

sun, carrier, and planetary gears is given by

Rsθ̇C = Rsθ̇s +Rpθ̇p (2.8)

where Rs and Rp represent the radii of the sun and planetary gears, respectively. Ad-

ditionally θ̇s, θ̇C, and θ̇p represent the angular speed speeds of the sun, carrier, and

planetary gears, respectively.

When the sun gear is fixed, the relationship between the rotation speeds of the inter-

nal, carrier, and planetary gears is given by

RI θ̇I = RI θ̇C +RPθ̇p (2.9)

where RI and θ̇I represent the radius and angular speed, respectively, of the internal

gear.

From Eqs. (2.8) and (2.9), the relationship between the angular speeds of the sun and

internal gears as the input shaft and the angular speed of the planetary carrier as the

output shaft is obtained as follows:

θ̇C =
R

R+1
θ̇I +

1
R+1

θ̇s, R =
RI

Rs
(2.10)

where R is the ratio of the internal gear radius to the sun gear.

The equation of motion of each element in the planetary-gear mechanism is as fol-

lows:

Jsθ̈s +Csθ̇s = τs−RsFs (2.11)

JI θ̈I +CI θ̇I = τI−RRsFI (2.12)

JPθ̈P +CPθ̇P = RPFI−RPFs (2.13)

JCθ̈P +CCθ̇C = RIFI−RsFs−TC (2.14)

where Jii, τii, and Cii ( ii = s, I, P, or C) represent the moment of inertia, the torque,
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and the viscous friction coefficient, respectively, of each element in the planetary-

gear mechanism shown in Fig. 2.9. The subscript ii is distinguished by substituting

s, I, P, or C represent the sun gear, internal gear, planetary gear, or planetary carrier,

respectively. The term Fs represents the force acting between the sun and planetary

gears, FI represents the force acting between the planetary and internal gears, and TC

represents the external torque acting on the planetary carrier.

In addition, there is no external device attached to the planetary gear. Therefore,

the values of JP and CP are sufficiently small and to be neglected. Therefore, by

assuming JP = CP = 0, Eq. (2.13) will be as follows:

FI = Fs = F (2.15)

By substituting Eq. (2.15) into Eqs. (2.11), (2.13), and (2.14), then

Jsθ̈s +Csθ̇s = τs−RsF (2.16)

JI θ̈I +CI θ̇I = τI−RRsF (2.17)

JCθ̈P +CCθ̇C = (R+1)RsF−TC (2.18)

2.3.3 Redundant drive system

In this study, Motors 1 and 2 are connected to the internal gears of the left and

right planetary-gear sets, respectively, and Motor 3 is connected to the sun gears

of both planetary-gear sets as shown in Fig. 2.10. The left and right drive wheels

are connected to the planetary carriers of both planetary-gear sets. Therefore, the

relationship between the angular velocity θ̇R, of the right wheel, the angular velocity

θ̇L of the left wheel, and the velocities of the three motors can be obtained similarity

to Eq. (2.10).

θ̇L =
R

R+1
θ̇1 +

1
R+1

θ̇3 (2.19)
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FIGURE 2.10: Drive mechanism

θ̇R =
R

R+1
θ̇2 +

1
R+1

θ̇3 (2.20)

where θ̇1, θ̇2, and θ̇3 represent the angular velocities of motors 1, 2 and 3, respec-

tively.

The dynamical equations of the motors are given by

J1θ̈1 +C1θ̇1 = τ1−RRsFL (2.21)

J2θ̈2 +C2θ̇2 = τ2−RRsFR (2.22)

J3θ̈3 +C3θ̇3 = τ3−RsFL−RsFR, (2.23)

where Ji and τi (i = 1,2,3), represent the moment of inertia and the torque, respec-

tively, of motor i in Figs. 2.1 and 2.2. Here Ci is the viscous friction coefficient and

Rs is the radius of the sun gear.

The equations of motion of the left and right wheels can be obtained from Eq. (2.18)

as follows:

JLθ̈L +CLθ̇L = (R+1)RsFL−RwDL (2.24)

JRθ̈R +CRθ̇R = (R+1)RsFR−RwDR (2.25)

where JR and JL represent the moments of inertia for the right and left wheels, respec-

tively; CR and CL are the viscous friction coefficients for the right and left wheels,

respectively.
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By substituting Eqs. (2.19) and (2.20) into Eqs. (2.6) and (2.7), the driving forces

DL and DR, are obtained as follows:

DL =
RRw

4(R+1)

(
Mw +

Iw

L2

)
θ̈1 +

RRw

4(R+1)

(
Mw−

Iw

L2

)
θ̈2 +

MwRw

2(R+1)
θ̈3 (2.26)

DR =
RRw

4(R+1)

(
Mw−

Iw

L2

)
θ̈1 +

RRw

4(R+1)

(
Mw +

Iw

L2

)
θ̈2 +

MwRw

2(R+1)
θ̈3 (2.27)

By substituting Eqs. (2.19), (2.20), and (2.26) into Eqs. (2.24), then

RsFL =
R

(R+1)2

{
JL +

Rw

4

(
Mw +

Iw

L2

)}
θ̈1 +

RR2
w

4(R+1)2

(
Mw−

Iw

L2

)
θ̈2

+
1

(R+1)2

(
JL +

MwRw

2

)
θ̈3 +

R
(R+1)2CLθ̇1 +

1
(R+1)2CLθ̇3

(2.28)

By substituting Eq. (2.28) into Eq. (2.21) and multiplying by R+1
R , then

(
R+1

R
)τ1 =

{
R+1

R
J1 +

R
R+1

{
JL

Rw

4

(
Mw +

Iw

L2

)}}
θ̈1

+
RR2

w
4(R+1)

(
Mw−

Iw

L2

)
θ̈2 +

1
R+1

(
JL +

MwRw

2

)
θ̈3

+

(
R+1

R
C1 +

R
R+1

CL

)
θ̇1 +

1
R+1

CLθ̇3

(2.29)

By substituting Eqs. (2.19), (2.20), and (2.27) into Eq. (2.25), then

RsFR =
RR2

w
4(R+1)2

(
Mw−

Iw

L2

)
θ̈1 +

R
(R+1)2

{
JR +

Rw

4

(
Mw +

Iw

L2

)}
θ̈2

+
1

(R+1)2

(
JR +

MwRw

2

)
θ̈3 +

R
(R+1)2CRθ̇2 +

1
(R+1)2CRθ̇3

(2.30)

By substituting Eq. (2.30) into Eq. (2.22) and multiplying by R+1
R , then

(
R+1

R
)τ2 =

RR2
w

4(R+1)

(
Mw−

Iw

L2

)
θ̈1 +

{
R+1

R
J2 +

R
R+1

{
JR +

Rw

4

(
Mw +

Iw

L2

)}}
θ̈2

+
1

R+1

(
JR +

MwRw

2

)
θ̈3

+

(
R+1

R
C2 +

R
R+1

CR

)
θ̇2 +

1
R+1

CRθ̇3

(2.31)
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By substituting Eqs. (2.28) and (2.30) into Eq. (2.23), then

(R+1)τ3 =
R

R+1

(
JL +

MwR2
w

2

)
θ̈1 +

R
R+1

(
JR +

MwR2
w

2

)
θ̈2

+

(
(R+1)J3 +

1
R+1

(
JL + JR +MwR2

w
))

θ̈3 +
R

R+1
CLθ̇1

+
R

R+1
CRθ̇2 +

(
(R+1)C3 +

1
R+1

(CL +CR)

)
θ̇3

(2.32)

From Eqs. (2.29), (2.31), and (2.32), the equation of motion of the redundant wheeled

mobile robot is obtained as follows:

Mθ̈ +Cθ̇ = Gτ, (2.33)

where M is the 3x3 inertia matrix, C is the 3x3 viscous friction matrix, and G is the

3x3 control input matrix, as follows:

M =


m11 m12 m13

m21 m22 m23

m31 m32 m33

 , (2.34)

θ̇ =


θ̇1

θ̇2

θ̇3

 , θ̈ =


θ̈1

θ̈2

θ̈3

 , τ =


τ1

τ2

τ3

 , (2.35)
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m11 =
J1

RR
+

RRR2
w

4

{
Mw +

I
L2

}
+ JLRR,

m12 =
RRR2

w
4

{
Mw−

I
L2

}
,

m13 =
MwR1R2

w
2

+ JLR,

m21 =
RRR2

w
4

{
Mw−

I
L2

}
,

m22 =
J2

RR
+

RRR2
w

4

{
Mw +

I
L2

}
+ JRRR,

m23 =
MwR1R2

w
2

+ JRR1,

m31 =
MwRRR2

w
2

+ JLRR,

m32 =
MwRRR2

w
2

+ JRRR,

m33 = MwR1R2
w + JLR1 + JRR1 +

J3

R1
,

(2.36)

G =


1/RR 0 0

0 1/RR 0

0 0 1/R1

 , (2.37)

R1 =
1

1+R
, RR =

R
1+R

, (2.38)

C =


C1
RR

+CLRR 0 CLR1

0 C2
RR

+CRRR CRR1

CLRR CRRR
C3
R1

+CLR1 +CLR1

 , (2.39)
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Chapter 3

Velocity Distribution for Energy

Saving with a Redundant Wheeled

Drive System

3.1 Introduction

Mobile robots are widely used in many different applications, such as transportation,

the military, search and rescue, guidance, hazard detection, and domestic cleaning

[10, 42–44]. Robots usually carry limited power sources, and it is generally impossi-

ble to supply additional energy while working, so energy conservation is an important

concern for mobile robots [14–18].

A differential wheeled mobile robot (DWMR) involves two independently driven

wheels on a common axis [10]. The robot moves forward or backward in a straight

line when the wheels rotate at the same speed, but follows a curved path along an

arc of the instantaneous circle around the ICR when one wheel rotates faster than the

other [10]. The robot turns about the midpoint of the two driving wheels when both

wheels rotate at the same speed in opposite directions. If one of the motors should

break down or become damaged for some reason, the robot would roll around the

wheel that is connected to the damaged motor. Eventually, there could be a risk to

the passenger’s life because he or she could not continue moving.
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Energy saving is also an important topic in relation to mobile robots for increas-

ing the operating time using the same battery capacity. Duleba and Sasiadejk [30]

discussed a modification of the Newton algorithm applied to nonholonomic motion

planning for energy optimization. However, the amount of energy consumed was

not estimated. Ueno et al. [27] proposed a differential-drive steering system for the

caster drive wheel of an omni-directional mobile robot. However, the system is com-

plex because it uses two motors for each wheel. Because mobility demands limit

the ability to use independent power sources, energy management is the key factor

when it comes to completing tasks. To overcome this, the research group of which

the author was a member designed a wheeled system consisting of a redundant drive

system to continue its motion safely should one of the motors break down for some

reason [45, 46]. In addition, the redundancy allows each motor to be operated at its

most efficient. The system uses three motors and two planetary-gear systems that

have high transmission efficiency and durability for high power.

This chapter deals with a new design of WMRs to guarantee secure motion even if

one drive system does not work. In addition, its effectiveness for energy saving is

analyzed to increase the operating time using the limited battery capacity. Further-

more, simulation and experimental results demonstrate that the proposed method is

effective practically .The experimental results in this chapter show that the method in

saving energy by 20.45% for linear motion and 13.05% for circular motion compared

to a conventional drive system.

This chapter relates to the work presented in Refs. [46] and [47].

3.2 Controller Design

3.2.1 Distribution controller

The control inputs of a WMR in are usually considered to be its linear and angular

velocities. Figure 3.1 shows the block diagram of the control system. By assuming

that, as with a personal mobility vehicle such as an electric wheelchair, the reference
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linear velocity νre f and angular velocity φ̇re f of the vehicle are given by its operator.

These velocities are then typically transformed into desired velocities of the left and

right wheels by using Eq. (3.2). Firstly, by introducing a fixed ratio d of angular

FIGURE 3.1: Block diagram of the control system

velocities of a wheels to the velocity of Motor 3 as follows:

R1θ̇3re f =
νre f

Rw
.
1
d

(3.1)

By rewriting Eq. (2.3), the relationship between the desired linear velocity νre f of

the WMR, its desired angular velocity φ̇re f , and the desired angular velocity of the

two driving wheels are obtained as follows:νre f

φ̇re f

=

 Rw/2 Rw/2

−Rw/2L Rw/2L

θ̇Lre f

θ̇Rre f

 , (3.2)

From Eq. (3.2), the desired linear velocity νre f is obtained as follows:

νre f =
Rw

2
(θ̇Lre f + θ̇Rre f ) (3.3)

By substituting Eq. (3.3) into Eq. (3.1), the desired angular velocity θ̇3re f of Motor

3 is obtained as follows:

θ̇3re f =
[
1/(2dR1) 1/(2dR1)

]θ̇Lre f

θ̇Rre f

 , (3.4)

By rewriting Eqs. (2.19) and (2.20), the desired angular velocity θ̇Rre f of the right

wheel and the desired angular velocity θ̇Lre f of the left wheel are represented by the
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desired velocities of three motors as follows:

θ̇Lre f

θ̇Rre f

=

RR 0

0 RR

θ̇1re f

θ̇2re f

+
R1

R1

 θ̇3re f , (3.5)

By substituting Eq. (3.4) into Eqs. (3.5), the following equation is obtainedθ̇Lre f

θ̇Rre f

=

RR 0

0 RR

θ̇1re f

θ̇2re f

+
1/(2d) 1/(2d)

1/(2d) 1/(2d)

θ̇Lre f

θ̇Rre f

 , (3.6)

Rearranging (3.6), the desired angular velocities θ̇1re f and θ̇2re f of Motors 1 and 2

are obtained as follows:θ̇1re f

θ̇2re f

=
1

RR

1−1/(2d) −1/(2d)

−1/(2d) 1−1/(2d)

θ̇Lre f

θ̇Rre f

 , (3.7)

By substituting Eq. (3.5) into Eq. (3.3), the desired linear velocity of the WMR is

represented by the desired velocities of the three motors as follows:

νre f =
Rw

2
(RRθ̇1re f +RRθ̇2re f +2R1θ̇3re f ) (3.8)

In this study, the following three cases of d are considered.

1. By substituting d = 1 into Eqs. (3.4) and (3.7), only Motor 3 is used for the

motion.

νre f = R1Rwθ̇3re f (3.9)

2. By substituting d = ∞ into Eqs. (3.4) and (3.7), only Motors 1 and 2 are used

for the motion.

νre f =
RwRR

2
(θ̇1re f + θ̇2re f ) (3.10)
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3. By substituting d such that ∞ > d > 1 into Eqs. (3.4) and (3.7), all the three

motors are used for the motion.

νre f =
Rw

2
(RRθ̇1re f +RRθ̇2re f +2R1θ̇3re f ) (3.11)

3.2.2 State-feedback controller

The dynamics of a redundant wheeled drive system in Eq. (2.33) can be represented

in the following state-space form:

ẋe = Axe +Bu (3.12)

By rearranging Eq. (2.33), the following equation is obtained :

θ̈ =−M−1Cθ̇ +M−1Gτ,

=A1θ̇ +B1τ,
(3.13)

where the state variable xe = [θi θ̇i]
T and the control input ui = τi, (i = 1,2,3).

The state equation of the redundant wheeled drive system is obtained by setting the

coefficient matrix of Eq. (3.12) as follows:

A =

O3 I3

O3 A1

 , B =

O3

B1

 , (3.14)

where O3 is the 3x3 zero matrix and I3 is the 3x3 identity matrix. In this study, by

assuming that the commercial motor controllers are based on PD control, and the

state-feedback controller is applied to the proposed WMR as the feedback controller.

The feedback gains are obtained by the pole placement method. Consider the fol-

lowing controller:

τ = Kxe, (3.15)
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where τ is the control input and K is the 3x6 feedback gain matrix as follows:

K =


kp11 kp12 kp13 kd11 kd12 kd13

kp21 kp22 kp23 kd21 kd22 kd23

kp31 kp32 kp33 kd31 kd32 kd33

 , (3.16)

where kpi j and kdi j, (i = j = 1,2,3), are the motor angle and velocity feedback gains,

respectively, and xe is the difference between the reference and actual value of each

state variable.

xe =



θ1re f −θ1

θ2re f −θ2

θ3re f −θ3

θ̇1re f − θ̇1

θ̇2re f − θ̇2

θ̇3re f − θ̇3


(3.17)

3.3 Simulation and Experimental Results

In this work, should one motor break down, the operator would stop the system

immediately and switch the drive mode of the vehicle into two-motor control mode.

Thus, issues of singularity or instability during transition of the drive mode are not

considered in this study and are left for future work and any sliding of the wheels

is negligible. To verify the effectiveness and possibility of the proposed new drive

system for energy saving and fail-safe motion, a computer simulation is conducted.

A sample-decoupled PD controller is applied for each motor i, where the proportional

and derivative gains are 10 Nm/rad and 1 Nms/rad, respectively.

Figure 3.2 shows the S-shaped velocity profile used as a reference translation velocity

of the WMR. The velocity v(t) and acceleration a(t) of each period are described by

the following equations:
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FIGURE 3.2: S-shaped velocity profile

v(t) =


vmax

2 (1− cos( π

Ta
t)) t ∈ [0,Ta)

vmax t ∈ [Ta,Ta +Tc)

vmax
2 (1+ cos( π

Td
(t−T +Ta))) t ∈ [Ta +Tc,T ]

(3.18)

a(t) =


vmax

2 ( π

Ta
sin( π

Ta
t)) t ∈ [0,Ta)

0.0 t ∈ [Ta,Ta +Tc)

vmax
2 ( π

Td
sin( π

Td
(t−T +Ta))) t ∈ [Ta +Tc,T ]

(3.19)

vmax =
L

T −Ta
, (3.20)

where Ta is the acceleration period, Tc is the constant velocity period, Td is the decel-

eration period, T is the total motion time, L is the total motion distance, and νmax is

the constant velocity.

This study considers only smooth trajectories. If a non-smooth trajectory is required,

the robot must stop once to avoid infinite acceleration. The dynamic parameters are

listed in Table 3.1. In straight-line motion, the rotational velocity is set as φ̇ = 0.0

rad/s. The maximum velocity is set as νre f max = 0.668 m/s, with Ta = 5 s, Tc = 10

s, and Td = 5 s. This simulation applies various values of d. Figures 3.3, 3.4, and

3.5 show the simulation results for the control input of each motor. Figures 3.6, 3.7,

and 3.8 show the simulation results for the translational speed and linear velocity of
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each motor. In Fig. 3.6, for d = ∞, only Motors 1 and 2 operate, as expected. In

Fig. 3.7, for d = 1, only Motor 3 operates, as expected. For any other value of d,

all three motors work, as shown in Fig. 3.8. Circular motion is obtained by setting

the rotational velocity φ̇ = 0.5 rad/s, as shown in Fig. 3.9, whereupon the path has

the velocity profile shown in Fig 3.10. Figures 3.11 and 3.12 show the tracking

performance from off-trajectory initial conditions, showing the effectiveness of the

feedback controller.

TABLE 3.1: Dynamical parameters values

Parameter Value Unit

Mw 46.0 [kg]
I 6.25 x 10−1 [kgm2]

Rw 1.65 x 10−1 [m]
L 2.75 x 10−1 [m]

J1, J2 1.49 x 10−2 [kgm2]
J3 1.81 x 10−3 [kgm2]

JL, JR 3.4 x 10−2 [kgm2]
C1, C2 2.68 x 10−2 [Nms/rad]

C3 1.02 x 10−2 [Nms/rad]
CL 7.13 x 10−3 [Nms/rad]
CR 5.84 x 10−3 [Nms/rad]
R 3 -

0 5 10 15 20 25 30
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Time(sec)

C
o
n
tr
o
l
in
p
u
t
(N

m
)

 

 
τ1 τ2 τ3

FIGURE 3.3: Control input of all three motors (d=∞), the same profile is obtained for τ1 and τ2
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FIGURE 3.4: Control input of all three motors (d=1), the same profile is obtained for τ1 and τ2
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FIGURE 3.5: Control input of all three motors (d=3.5), the same profile is obtained for τ1 and τ2

Different robot speeds are assessed in the simulation by setting a maximum velocity

of νre f max = 1 m/s in the S-shaped velocity profile by as shown in Figs. 3.13-3.15.

Simulations and experiments are conducted with the same parameters to verify the

effectiveness of the proposed method. The feedback gains as given in Table 3.2 are
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FIGURE 3.6: Simulation result (d=∞)
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FIGURE 3.7: Simulation result (d=1)
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FIGURE 3.8: Simulation result (d=3.5)
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FIGURE 3.9: Simulation result for circular motion (d=3.5)
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FIGURE 3.10: Simulation result for the linear and angular velocity for circular motion in Fig. 3.9
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FIGURE 3.11: Simulation result for tracking performance with off-trajectory initial conditions
(d=3.5)

36



Chapter 3. Velocity Distribution for Energy Saving with a Redundant Wheeled Drive

System

0 10 20 30
0

0.2

0.4

0.6

0.8

1

Time(sec)

V
el
o
ci
ty

(m
/
se
c)

 

 νref ν

0 10 20 30
−1

0

1

2

3

4

5

6

7

Time(sec)

A
n
g
u
la
r
v
el
o
ci
ty

(r
a
d
/
se
c)

 

 
θ̇1ref θ̇1

0 10 20 30
−1

0

1

2

3

4

5

6

7

Time(sec)

A
n
g
u
la
r
v
el
o
ci
ty

(r
a
d
/
se
c)

 

 
θ̇2ref θ̇2

0 10 20 30
−1

0

1

2

3

4

5

6

7

Time(sec)

A
n
g
u
la
r
v
el
o
ci
ty

(r
a
d
/
se
c)

 

 
θ̇3ref θ̇3

FIGURE 3.12: Simulation result for tracking performance with off-trajectory initial conditions
(d=∞)

obtained by the pole placement method (poles are located at −2, −2, −2, −2, −3,

−3 [1/s]).

The control law in Eq. (3.15) is implemented using the C# language on a laptop PC

(OS: WINDOWS 8.1; CPU: 2.3 GHz) with a sampling interval of 50 ms. In addition,

two optical encoders of resolution 0.352 ◦/count are attached to Motors 1 and 2, and

an optical encoder of resolution 0.18 ◦/count is attached to Motor 3 to measure the

angular velocities of the motors. A pulse-counter board with two channels of 24-bit

up/down counters and a DA board with 16-bit resolution are used for control. The

motor drivers are also used in current-control mode, in which the supplied electrical

current depends on the voltage commanded from the laptop PC to each motor.

Figures 3.16, 3.17, and 3.18 show the experimental results of the control input of each

motor. Figures 3.19, 3.20, and 3.21 show the experimental results of the translational

speed and linear velocity of each motor. In Figure 3.21, for d = 100, only Motors

1 and 2 operate, as expected. In Fig. 3.19, for d = 1, only Motor 3 operates, as

expected, but for any other value of d all three motors will operate, as shown in Fig.
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3.20. Circular motion is obtained as shown in Fig. 3.22, and the path has the velocity

profile shown in Fig 3.23.

TABLE 3.2: Experimental conditions (controller gains)

kpi j Value (Nm/rad) kdi j Value (Nms/rad)

kp11 0.14001 kd11 0.10684
kp12 0.00397 kd12 0.00159
kp13 0.01869 kd13 0.02144
kp21 0.00397 kd21 0.00159
kp22 0.14014 kd22 0.10762
kp23 0.01858 kd23 0.02164
kp31 0.01869 kd31 0.02144
kp32 0.01858 kd32 0.02164
kp33 0.03607 kd33 0.01796
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FIGURE 3.13: Simulation result (d=100 )(robot speed = 1 m/s)
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FIGURE 3.14: Simulation result (d=1) (robot speed = 1 m/s)
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FIGURE 3.15: Simulation result (d=3.5) (robot speed = 1 m/s)
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FIGURE 3.16: Control input of all three motors (d=1), the same profile is obtained for τ1 and τ2
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FIGURE 3.17: Control input of all three motors (d=2)
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FIGURE 3.18: Control input of all three motors (d=100)
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FIGURE 3.19: Experimental results (d=1)
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FIGURE 3.20: Experimental results (d=2)

0 5 10 15 20 25

0

0.5

1

1.5

Time [s]

V
e

lo
c
it
y
  

(m
/s

)

 

 
ν νref

0 5 10 15 20 25
−5

0

5

10

15

20

25

30

35

Time [s]

A
n

g
u

la
r 

v
e

lo
c
it
y
 o

f 
m

o
to

r 
1

 (
ra

d
/s

)

 

 

θ̇1 θ̇1ref

0 5 10 15 20 25
−5

0

5

10

15

20

25

30

35

Time [s]

A
n

g
u

la
r 

v
e

lo
c
it
y
 o

f 
m

o
to

r 
2

 (
ra

d
/s

)

 

 

θ̇2 θ̇2ref

0 5 10 15 20 25
−5

0

5

10

15

20

25

30

35

Time [s]

A
n

g
u

la
r 

v
e

lo
c
it
y
 o

f 
m

o
to

r 
3

 (
ra

d
/s

)

 

 

θ̇3 θ̇3ref

FIGURE 3.21: Experimental results (d=100)
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FIGURE 3.22: Experimental result for circular motion (d=2)
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FIGURE 3.23: Experimental result for the linear and angular velocity for circular motion in Fig.
3.22
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3.4 Energy Consumption

A WMR usually carries limited energy sources such as rechargeable batteries, the

capacity of which determines the operating time. Electrical property should be con-

sidered and it depends on motor, motor driver, and amplifier properties. In this study

a simplified energy model is assumed, where the electric power is directly propor-

tional to mechanical power. Therefore, for comparing the energy in simulations and

experiments, it is sufficient to use the mechanical energy. Here the effectiveness of

the proposed WMR for energy saving is considered. The energy required for the

motors is obtained by the following equation[48]:

E =
3

∑
i=1

∫ t

0

∣∣τiθ̇i
∣∣dt, (3.21)

where E is the total energy consumption.

Different robot speeds are assessed in the simulations, as shown in Figs. 3.24-3.27.

In all cases, d = 3.5 provides the minimum energy consumption. Hence, this value

of d is appropriate for the designed system, because the optimum value of d depends

on the actuator specifications. At that value of d, the energy was reduced by about

13.99% and 14% for νre f max = 0.668 and 1 m/s, respectively, compared to the case

of d = ∞ for the linear motion, as shown in Figs. 3.24 and 3.25. For circular motion,

the energy consumption was reduced by 10.68% and 13.99% for νre f max = 0.668 and

1 m/s, respectively, as shown in Figs. 3.26 and 3.27.

The repeatability was verified by conducting multiple experiments with the same

conditions. Figures 4.39 and 4.43 show the total energy consumed by all three mo-

tors for various values of d for linear and circular motion. The average energy con-

sumption shown in Figs. 4.42 and 4.46 for d = 2 provides the minimum energy

consumption. At that value of of d, the energy consumption was reduced by about

20.45% and 13.05% compared to the case of d = 100 (a typical drive condition for

two motors) for linear and circular motion, respectively.
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FIGURE 3.24: Total energy consumption for linear motion (robot speed = 0.668 m/s)
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FIGURE 3.25: Total energy consumption for linear motion (robot speed = 1 m/s)
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FIGURE 3.26: Total energy consumption for circular motion (φ̇ = 0.5 rad/s and robot speed =
0.668 m/s)
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FIGURE 3.27: Total energy consumption for circular motion (φ̇ = 0.5 rad/s and robot speed = 1
m/s)
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FIGURE 3.28: Total energy consumption for linear motion
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FIGURE 3.29: Total energy consumption for circular motion
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FIGURE 3.30: Average energy consumption for linear motion
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FIGURE 3.31: Average energy consumption for circular motion
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3.5 Conclusion

The objective of this chapter was to show the capability of the proposed new drive

system for energy saving and fail-safe motion. Distribution and state-feedback con-

trollers are applied for the wheeled drive system. The distribution controller created

a reference angular velocity for the motors. Experiments are conducted to verify

the effectiveness of the proposed method. A distribution ratio of d = 2 provided re-

duction of 20.45% and 13.05% of in energy consumption during linear and circular

motion, respectively, compared to the case in which only two motors are operated.
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Chapter 4

Robust Control of a Redundant

Wheeled Drive System

4.1 Introduction

WMRs can be used in many different fields for both civil and military applications

such as search and rescue, exploration, guidance, hazard detection, surveillance, and

transportation [10, 35]. Recently various control strategies have been considered to

research the problem of tracking control for WMRs [49–66] . Xin et al. proposed

robust adaptive tracking control of WMRs [49]. Chen et al. proposed adaptive track-

ing control for a class of nonlinear stochastic system [56]. Yang et al. proposed

a robust tracking control based on an extended state observer [58]. An adaptive

tracking controller for a nonholonomic mobile robot with unknown parameters has

been proposed [60]. Many control schemes are potentially useful for tracking con-

trol of WMRs, such as dynamic surface control and a disturbance observer based

on fuzzy control [61, 67–76]. However, the effectiveness of all these controllers has

been shown only by simulation, and their energy saving has been analyzed neither

theoretically nor experimentally.

As a robust control approach, SMC of WMRs has begun to receive increasing atten-

tion. The advantages of using SMC are a fast response, good transient performance,

and robustness against system uncertainty and external disturbance [77–86]. Jorge

et al. proposed SMC that exploits a property known as differential flatness of the
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kinematics of nonholonomic systems [78]. Shim et al. proposed SMC in which

unicycle-like robots converge to a reference trajectory with bounded errors of po-

sition and velocity [79]. Aguilart et al. used a path-following feedback controller

with SMC for a car-like robot which is robust to localization and curvature estima-

tion errors [80]. Other control approaches such as adaptive control based on a neural

network have been proposed for WMRs in recent years [31–34, 50, 87–93], but none

considered energy saving.

Furthermore, WMRs are widely used in ports, agriculture, and other different engi-

neering fields because of their loading capability, relative low mechanical complex-

ity, and simple engineering design. In addition, using WMRs is an effective way

to enhance the quality of life for people who are elderly and or have disabilities to

promote their independence and extend their activities [5, 94]. In fact, energy con-

sumption is considered as one of the important problems currently facing in the field

of robotics, in particular WMRs. In the past few decades, much scientific research

has been conducted into energy saving in mobile robots [14, 15, 18, 21, 25, 27, 45].

Hardware approaches involve reducing the weights of components and changing ac-

tuators to improve the efficiency of the motor power supply. Robust and optimal

energy control have become prevailing approaches that are implemented in robot

drivers to save consumed energy [15]. A differential-drive steering system with en-

ergy saving has been proposed for an omni-directional mobile robot [27], but any

improvement in energy consumption was not analyzed neither theoretically nor ex-

perimentally. The authors [47] established a new wheeled device with a redundant

drive system to continue its motion safely even if one of motors break down for

some reason. However, robustness of the control system for practical use was not

considered.

This chapter deals with enhancing the tracking performance and conserving energy in

the motor drivers of a WMR by using SMC with suitable sliding surfaces. In addition,

the focus is on using a new design of WMRs to guarantee secure motion for people

who use wheeled mobility to support their self-movement. Using the distribution

controller presented in chapter 3, a comparative study is conducted between pole

placement control (PPC) and LQR control. Computer simulations are performed to
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verify the effectiveness of the proposed method; no significant difference is founded

between the SMC, LQR and PPC approaches. In the experiments SMC provides

a viable and effective method with strong robustness that is better than LQR and

PPC. The experimental results show that the SMC approach improves the tracking

robustness in a real environment with less energy than for LQR and PPC. This chapter

relates to the work presented in Ref. [95].

4.2 Controller Design

4.2.1 SMC and stability analysis

Variable-structure controllers operated in sliding mode were first proposed in the

early 1950s. Because of its good robustness to uncertainties, SMC has been accepted

as an efficient method for robust control of uncertain systems. Being limited only

by practical constraints on the magnitude of the control signals, a sliding-mode con-

troller can in principle treat a variety of uncertainties as well as bounded external

disturbances. A key step in the design of the controllers is to introduce a proper

transformation of tracking errors to generalized errors so that an nth-order track-

ing problem can be transformed into an equivalent first-order stabilization problem.

Since the equivalent first-order problem is likely to be simpler to handle, a control

law may thus be easily developed to achieve the so-called reaching condition.

In order to understand more physically what is happening during SMC, let us con-

sider the following sliding surface for a second-order system [96]:

s(x, t) = kx+ ẋ. (4.1)

where x and ẋ are the states of the system and k is a positive constant. Figure 4.1

shows the state trajectories in the vicinity of the sliding surface s(x, t) = 0. The SMC

has two phases as shown in Fig. 4.1: the initial phase when the trajectory is forced

towards s(x, t) = 0 (known as the reaching phase), and the secondary phase when

s(x, t) = 0 (known as the sliding phase or sliding mode) . An external disturbance
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FIGURE 4.1: State trajectory during reaching phase and sliding phase in sliding mode control [96]

can affect the system performance during the reaching phase, whereas during the

sliding phase the system motion is insensitive to external disturbances. Because the

control law is discontinuous about s(x, t) = 0, switching at very high frequency is

required to maintain the system on the desired sliding surface consistently.

4.2.2 Application of SMC

In this chapter, the dynamics of the WMR are considered to be the disturbance.

Therefore, the dynamics of the WMR in chapter 2 are rewritten as follows:

Mθ̈ +Cθ̇ = Gτ +h, (4.2)

where M is the 3x3 inertia matrix, C is the 3x3 viscous friction matrix, G is the

3x3 control input matrix, and h = [h1,h2,h3]
T is the unknown disturbance vector.

Tracking control can be achieved by keeping the system trajectory on the sliding

surface. The sliding surface for the ith motor is chosen as follows [97]:

si = ėi +λei, i = 1,2,3 (4.3)
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ei = θi−θire f (4.4)

where e = [e1,e2,e3]
T is a vector of tracking errors and λ is a positive constant.

Substituting Eq. (4.4) into Eq. (4.3) leads to

si = θ̇i− θ̇ir (4.5)

where θ̇ir = θ̇ire f −λ (θi−θire f ). The following sliding-mode controller is applied.

τ =G−1{Mθ̈r +Cθ̇r−Ksign(s)
}
,

=G−1{(Mθ̈re f +Cθ̇re f )−Mλ (θ̇ − θ̇re f )

−Cλ (θ −θre f )−Ksign(s)
}
,

(4.6)

where K = diag {k1, .,k3}, s = [s1,s2,s3]
T , and sign(s) = [sign(s1), ., sign (s3)]

T is as

follows:

sign (si) =


1 i f si > 0

0 i f si = 0

−1 i f si < 0

(4.7)

In Eq. (4.6) sign(.) is a switching function that causes discontinuity in the control

signal and produces chattering that should be avoided practically. This chattering

can be eliminated by smoothing the control discontinuity in a thin boundary layer

neighboring the sliding surface [97]. The sign(.) function is replaced by a saturation

function sat(.) as follows:

sat (si) =

sign (si) i f |si|> βi

si
βi

i f |si|6 βi

(4.8)

where βi > 0.

To demonstrate the stability of the proposed system, a Lyapunov function candidate

is considered as follows:

V (t) =
1
2

sT Ms (4.9)
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Differentiating Eq. (4.9) with respect to time, the following equation is obtained as

follows:

V̇ (t) = sT Mṡ (4.10)

By applying Eqs. (4.2) and (4.5) to Eq. (4.10), then

V̇ (t) = sT (Gτ−Cθ̇r−Mθ̈r +h)− sTCs (4.11)

Considering the control law in Eq. (4.6), it can be seen that

V̇ (t) = sT h− sT Ksign(s)− sTCs (4.12)

Thus, with ki,≥ |hi| and C ≥ 0, it is easy to show that.

V̇ < 0, (4.13)

which guarantees the stability.

4.2.3 Linear quadratic control

LQR control is an optimal control method. It requires finding an optimal state-

feedback gain that minimizes a certain cost function that reflects the performance

of the closed-loop system. The cost function is defined as follows [98]:

J =
∫

∞

0
(xT

e Qxe + τ
T Rτ)dt (4.14)

where xe is a state vector, Q is an nxn symmetric, real, positive (or semi-positive)

definite matrix, and R is a positive-definite symmetric matrix. Note that the second

term on the right-hand side of Eq. 4.14 accounts for the expenditure of the energy of

the control signals. The matrices Q and R are weight matrices that are determine the

relative importance of the error and the expenditure of this energy, respectively. The

state-feedback control inputs are expressed as follows:

τ =−Kxe, (4.15)
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where the state-feedback gains are obtained as K = R−1BT P, and P is determined

uniquely as a solution of the reduced-matrix Riccati equation as follows [99]:

AT +PA−PBR−1BT P+Q = 0, (4.16)

From this reduced-matrix Riccati equation, the matrix P is determined uniquely and

is used to calculate the state-feedback gain K. The quality of the control design using

the LQR method depends on the choice of Q and R. Normally, this requires some

kind of trial and error. Matrices R and Q are selected via trial and error as follows:

Q =



0.3 0 0 0 0 0

0 0.3 0 0 0 0

0 0 0.3 0 0 0

0 0 0 0.3 0 0

0 0 0 0 0.3 0

0 0 0 0 0 0.1


, (4.17)

R =


20 0 0

0 20 0

0 0 80

 , (4.18)

For the given A, B, R, and Q matrices, the optimal state-feedback control is deter-

mined by solving the Riccati equation as follows:

K =


12.22x10−2 −2.38x10−4 −6.79x10−3 12.45x10−2 −5.58x10−4 2.92x10−3

−1.36x10−4 12.28x10−2 −6.74x10−3 −4.27x10−4 12.51x10−2 3.13x10−3

3.39x10−3 3.37x10−3 6.11x10−2 7.62x10−3 7.79x10−3 3.44x10−2

 ,

The poles are located at (−22.6,−3.57,−2.9,−1.81,−1.01,−1.01 [1/s]).
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4.3 Simulation Results

To verify the effectiveness of the proposed controller, computer simulations are con-

ducted using SMC to compare between LQR and PPC. This study considers only

smooth trajectories: an S-shaped velocity profile is used as the reference translation

velocity of the WMR [46]. The parameters of the experimental system are as fol-

lows: Mw = 46.0 kg, I = 0.625 kg.m 2, Rw = 0.165 m, L = 0.275 m, J1 = J2 = 0.149

x 10−1 kg.m 2, J3 = 0.181 x 10−2 kg.m 2, JL = JR = 0.034 kg.m 2, C1 = C2 = 0.268

x 10−1 N.m.s/rad, C3 = 0.102 x 10−1 N.m.s/rad, CL = 0.713 x 10−2 N.m.s/rad, CR =

0.584 x 10−2 N.m.s/rad, and R = 3.

The PPC feedback gains used in the simulation, as listed in Table 4.1, are obtained

by poles at −2,−2,−2,−2,−3,−3 [1/s]. The SMC parameters are tuned to achieve

the best results and are obtained as follows (units are omitted): K = diag {0.05,

0.05, 0.05}, λ = diag {12, 12, 12}, and β = 0.2. Figures 4.2, 4.3, and 4.4 show

the simulation results for the translational velocity of the WMR and the velocity of

each motor by SMC, LQR, and PPC, respectively. Figures 4.5, 4.6, and 4.7 show the

simulation results for the control input for each motor corresponding to Figs. 4.2,

4.3, and 4.4, respectively. The tracking errors in the simulations resulting from all

control approaches are shown in Figs. 4.8, 4.9, and 4.10. It can be seen that all

approaches achieve similar tracking errors and display good tracking performance.

The mean tracking errors are given in Table 4.2.

TABLE 4.1: Feedback gains of PPC

kpi j Value (Nm/rad) kdi j Value (Nms/rad)

kp11 1.40 x 10−1 kd11 1.07 x 10−1

kp12 3.97 x 10−3 kd12 1.6 x 10−3

kp13 1.87 x 10−2 kd13 2.14 x 10−2

kp21 3.97 x 10−3 kd21 1.6 x 10−3

kp22 1.40 x 10−1 kd22 1.08 x 10−1

kp23 1.86 x 10−2 kd23 2.16 x 10−2

kp31 1.87 x 10−2 kd31 2.14 x 10−2

kp32 1.86 x 10−2 kd32 2.16 x 10−2

kp33 3.61 x 10−2 kd33 1.80 x 10−2
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FIGURE 4.2: Simulation results with SMC (d=3)
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FIGURE 4.3: Simulation results with LQR (d=3)
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FIGURE 4.4: Simulation results with PPC (d=3)
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FIGURE 4.5: Simulation results with SMC (d=3); control input of all three motors. Same profile
is obtained for τ1 and τ2
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FIGURE 4.6: Simulation results with LQR (d=3); control input of all three motors. Same profile
is obtained for τ1 and τ2
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FIGURE 4.7: Simulation results with PPC (d=3); control input of all three motors. Same profile is
obtained for τ1 and τ2

60



Chapter 4. Robust Control of a Redundant Wheeled Drive System

0 5 10 15 20 25

−0.2

−0.1

0

0.1

0.2

0.3

Time [s]

V
e

lo
c
it
y
 e

rr
o

r 
 (

m
/s

)

0 5 10 15 20 25
−5

0

5

Time [s]

E
rr

o
r 

o
f 

m
o

to
r 

1
 (

ra
d

/s
)

0 5 10 15 20 25
−5

0

5

Time [s]

E
rr

o
r 

o
f 

m
o

to
r 

2
 (

ra
d

/s
)

0 5 10 15 20 25
−5

0

5

Time [s]

E
rr

o
r 

o
f 

m
o

to
r 

3
 (

ra
d

/s
)

FIGURE 4.8: Simulation result with SMC depicted in Fig. 4.2
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FIGURE 4.9: Simulation result with LQR depicted in Fig. 4.3
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FIGURE 4.10: Simulation result with PPC depicted in Fig. 4.4

TABLE 4.2: Average of root mean square error (RMSE)

RMSE SMC LQR PPC Unit

Velocity of WMR 6.7 x10−3 4.02 x10−3 3.4 x10−2 m/s
Velocity of Motor 1 4.3 x10−2 2.4 x10−1 1.7 x10−1 rad/s
Velocity of Motor 2 4.32 x10−2 2.36 x10−1 1.7 x10−1 rad/s
Velocity of Motor 3 6.5 x10−2 2.6 x10−1 3.01 x10−1 rad/s

Figures 4.14, 4.15, and 4.16 show the simulation results for the control input under

disturbance for each motor by SMC, LQR, and PPC, respectively, corresponding

to Figs. 4.11, 4.12, and 4.13, respectively, by applying the disturbance term h =

rand(−1,1) N.m in Eq. (4.2). The tracking errors in the simulations resulting from

all control approaches with disturbance are shown in Figs. 4.17, 4.18, and 4.19. It

can be seen that SMC approach achieves smaller tracking errors than do LQR and

PPC. The mean tracking errors with disturbance are given in Table 4.3.

62



Chapter 4. Robust Control of a Redundant Wheeled Drive System

0 5 10 15 20 25

0

0.5

1

1.5

Time [s]

V
e

lo
c
it
y
  

(m
/s

)

 

 
ν νref

0 5 10 15 20 25
−5

0

5

10

15

20

25

30

35

Time [s]

A
n

g
u

la
r 

v
e

lo
c
it
y
 o

f 
m

o
to

r 
1

 (
ra

d
/s

)

 

 

θ̇1 θ̇1ref

0 5 10 15 20 25
−5

0

5

10

15

20

25

30

35

Time [s]

A
n

g
u

la
r 

v
e

lo
c
it
y
 o

f 
m

o
to

r 
2

 (
ra

d
/s

)

 

 

θ̇2 θ̇2ref

0 5 10 15 20 25
−5

0

5

10

15

20

25

30

35

Time [s]

A
n

g
u

la
r 

v
e

lo
c
it
y
 o

f 
m

o
to

r 
3

 (
ra

d
/s

)

 

 

θ̇3 θ̇3ref

FIGURE 4.11: Simulation results with SMC under disturbance (d=3)
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FIGURE 4.12: Simulation results with LQR under disturbance (d=3)
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FIGURE 4.13: Simulation results with PPC under disturbance (d=3)
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FIGURE 4.14: Simulation results with SMC under disturbance (d=3); control input of all three
motors
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FIGURE 4.15: Simulation results with LQR under disturbance (d=3); control input of all three
motors

0 5 10 15 20 25
−0.1

0

0.1

0.2

0.3

0.4

0.5

Time [s]

C
o
n
tr
o
l
in
p
u
t
[N

m
]

 

 
τ1 τ2 τ3

FIGURE 4.16: Simulation results with PPC under disturbance (d=3); control input of all three
motors
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FIGURE 4.17: Simulation result with SMC under disturbance depicted in Fig. 4.11
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FIGURE 4.18: Simulation result with LQR under disturbance depicted in Fig. 4.12
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FIGURE 4.19: Simulation result with PPC under disturbance depicted in Fig. 4.13

TABLE 4.3: Average of root mean square error (RMSE) with disturbance

RMSE SMC LQR PPC Unit

Velocity of WMR 10 x10−3 40 x10−3 13x10−3 m/s
Velocity of Motor 1 10.1 x10−2 25.7 x10−2 10.7 x10−2 rad/s
Velocity of Motor 2 10.2 x10−2 25.2 x10−2 10.6 x10−2 rad/s
Velocity of Motor 3 50.8 x10−2 51.4 x10−2 59.5 x10−2 rad/s

4.4 Experiments

In this work, the proposed controller was verified experimentally and compared with

LQR and PPC. The control law in Eq. (4.6) is implemented using the C# language

on a laptop PC (OS: WINDOWS 8.1, CPU: 2.3 GHz) with a sampling interval of

50 ms. In addition, two optical encoders of resolution 0.352◦/count are attached

to Motors 1 and 2, and an optical encoder of resolution 0.18◦/count is attached to

Motor 3 to measure the angular velocities of the motors. A pulse-counter board with

two channels of 24-bit up/down counters and a DA board with 16-bit resolution are

used. The motor drivers are also used in current-control mode, in which electrical
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current supplied is proportional to the voltage commanded from the laptop PC to

each motor. The control parameters of PPC, LQR, and SMC used in the experiments

are the same as those in the simulations. Figures 4.20, 4.21, 4.22, and 4.23 show the

experimental results of the translational velocity of the WMR and velocity of each

motor with SMC, SMC with sat(.), LQR, and PPC, respectively.

The tracking performance of the redundant wheeled drive system is improved by us-

ing SMC, as shown in Figs. 4.20, 4.21, 4.22, and 4.23. Figures 4.24, 4.25, 4.26, and

4.27 show the experimental results for the control input of each motor corresponding

to Figs. 4.20, 4.21, 4.22, and 4.23, respectively. The chattering in the control input

as shown in Fig. 4.24 can be eliminated by replacing the sign(.) function by sat(.)

function, as shown in Fig.4.25.
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FIGURE 4.20: Experimental result with SMC

The tracking errors resulting from all control approaches in the experiment are shown

in Figs. 4.28, 4.29, 4.30, and 4.31. It can be seen that the SMC approach achieves

smaller tracking errors than do LQR and PPC.
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FIGURE 4.21: Experimental result with SMC (sat(.))
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FIGURE 4.22: Experimental result with LQR
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FIGURE 4.23: Experimental result with PPC
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FIGURE 4.24: Experimental result with SMC; control input of all three motors
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FIGURE 4.25: Experimental result with SMC (sat(.)); control input of all three motors
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FIGURE 4.26: Experimental result with LQR; control input of all three motors
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FIGURE 4.27: Experimental result with PPC; control input of all three motors

To verify the repeatability of all approaches, the same experiments that were per-

formed in Figs. 4.20, 4.21, 4.22, 4.23, 4.24, 4.25, 4.26, and 4.27 were repeated five

times, and the mean magnitude of the tracking error were compared for the SMC,

SMC with sat(.), LQR, and PPC approaches, as shown in Figs. 4.32 and 4.33. It can

be seen that the SMC with sat(.) approach reduces the mean value of the tracking-

error magnitude and provides robust tracking control in a real environment.

Using SMC, the WMR executed circular motion on a circle with 2-m radius and

with the same S-curve velocity profile as for linear motion but now for the tangential

velocity [46], as shown in Figs. 4.34 and 4.35. This trajectory is considered for

energy comparison in the next section. Figure 4.36 shows video captures for the

circular motion that was executed by SMC.
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FIGURE 4.28: Experimental result with SMC depicted in Fig. 4.20
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FIGURE 4.29: Experimental result with SMC (sat(.)) depicted in Fig. 4.21
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FIGURE 4.30: Experimental result with LQR depicted in Fig. 4.22
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FIGURE 4.31: Experimental result with PPC depicted in Fig. 4.23
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FIGURE 4.32: Experimental result. Mean tracking error magnitude

0 2 4 6
0.03

0.04

0.05

0.06

0.07

0.08

0.09

Trail

M
e

a
n

 e
rr

o
r 

 (
m

/s
)

 

 

SMC

PPC

SMCsat(.)

0 2 4 6
0.2

0.25

0.3

0.35

0.4

0.45

0.5

Trail

M
e

a
n

 e
rr

o
r 

o
f 

m
o

to
r1

  
(r

a
d

/s
)

0 2 4 6
0.2

0.25

0.3

0.35

0.4

0.45

Trail

M
e

a
n

 e
rr

o
r 

o
f 

m
o

to
r2

  
(r

a
d

/s
)

0 2 4 6
0.5

0.6

0.7

0.8

0.9

1

Trail

M
e

a
n

 e
rr

o
r 

o
f 

m
o

to
r3

  
(r

a
d

/s
)

FIGURE 4.33: Experimental result. Mean tracking error magnitude
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FIGURE 4.34: Experimental result for circular motion with SMC
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FIGURE 4.35: Experimental result for the linear and angular velocity for circular motion depicted
in Fig. 4.34
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(A) Time = 0 s (B) Time = 2 s

(C) Time = 5 s (D) Time = 9 s

(E) Time = 12 s (F) Time = 15 s

FIGURE 4.36: Video captures from result in Figure 4.34
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4.5 Energy Evaluation

Mobile robots are operated using embedded batteries, and hence, energy saving is

studied to increase the operation time. For evaluating the energy consumption there

are two approaches in literature, electrical energy [16, 20, 21, 100] and mechan-

ical energy consumption [48]. Electrical energy consumption is more accurate and

considers the motor, motor driver and amplifier properties. In many cases these prop-

erties are described by work load depending efficiencies [101, 102]. These are con-

stant for all times, a linear relation between mechanical and electrical energy holds

and mechanical energy can be used for energy consumption evaluation. In this work

a constant efficiency is assumed and therefore, for comparing the energy in simu-

lations and experiments, it is sufficient to use the mechanical energy. The energy

required for the motors is obtained by the following equation [47, 48]:

E =
3

∑
i=1

∫ t

0

∣∣τiθ̇i
∣∣dt, (4.19)

where E is the total energy consumption. Figures 4.37 and 4.38 show the simulation

results for the total energy consumed by all the motors for various values of d using

SMC, LQR, and PPC for linear and circular motion, respectively. In the simulation,

it can be seen that the SMC, LQR, and PPC approaches have almost the same energy

consumption. In addition, in all cases, d = 3 provides the best efficiency; compared

to d = 20 (similar to a general two-wheel-drive case), around 20% energy reduction

is achieved .

The practicability was verified by conducting five experiments under the same con-

ditions. Figures 4.39, 4.40, 4.41, and 4.42 show the total energy consumed by all the

motors for various values of d for linear motion using SMC, SMC with sat(.), LQR,

and PPC, respectively. The minimum mean energy required was 50.08 J when using

SMC (d = 1.5 in Fig. 4.39), 38 J for SMC with sat(.) (d = 2 in Fig. 4.40), 59.89 J

for LQR (d = 2 in Fig. 4.41), and 63.43 J for PPC (d = 2 in Fig. 4.42). The total

energy consumption for circular motion is shown in Figs. 4.43, 4.44, 4.45, and 4.46

using SMC, SMC with sat(.), LQR, and PPC, respectively. The minimum mean en-

ergy required was 50.92 J when using SMC (d = 1.5 in Fig. 4.43), 41.32 J for SMC
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with sat(.) (d = 2 in Fig. 4.44), 57.3 J for LQR (d = 1.5 in Fig. 4.45), and 59.37

J for PPC (d = 2 in Fig. 4.46). The SMC with sat(.) approach requires less energy

in a real environment while achieving better tracking performance, as shown in Figs.

4.32 and 4.33.
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FIGURE 4.37: Simulation result total energy consumption for linear motion

From the viewpoint of the tracking performance and consumed energy in the simula-

tions and experiments, the SMC with sat(.) approach is more effective only in a real

case as shown in Figs 4.32 and 4.33. Equation (4.6) consists of three parts: the first is

for feed-forward control, which gives better tracking, the second is for position and

velocity feedback control, which is similar to LQR or PPC, and the third guarantees

robustness. These control terms have a positive effect on the tracking performance

with less energy as shown in Fig. 4.40, the minimum mean energy required was 38 J

for SMC with sat(.).

The difference of the optimal value of the fixed ratio d in experiment and simulation

follows from the simplified simulation model, where nonlinearities especially from

the planetary-gear system are neglected. The gearbox has higher friction than mod-

eled and the control input of motors in the experiment are higher than the control
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FIGURE 4.38: Simulation result total energy consumption for circular motion
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FIGURE 4.39: Experimental result with SMC; total energy consumption for linear motion
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FIGURE 4.40: Experimental result with SMC (sat(.)); total energy consumption for linear motion
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FIGURE 4.41: Experimental result with LQR; total energy consumption for linear motion
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FIGURE 4.42: Experimental result with PPC; total energy consumption for linear motion
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FIGURE 4.43: Experimental result with SMC; total energy consumption for circular motion
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FIGURE 4.44: Experimental result with SMC (sat(.)); total energy consumption for circular motion
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FIGURE 4.45: Experimental result with LQR; total energy consumption for circular motion
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FIGURE 4.46: Experimental result with PPC; total energy consumption for circular motion

input of motors in the simulation especially from Motor 2 as shown in Figs 4.5 and

4.24. Therefore more power in experiment than simulation is required which lead to

lower fixed ratio d.

4.6 Conclusion

In this chapter, robust tracking and energy-saving control was considered for a redun-

dant wheeled drive system using SMC. Using to the distribution controller presented

in chapter 3, a comparative study was conducted between LQR and PPC. Computer

simulations were performed to verify the effectiveness of the proposed method, and

there was no significant difference between the SMC, LQR, and PPC approaches.

The effectiveness and reliability of the proposed method in a real environment with

disturbances were evaluated by performing several repeated experiments. The results

showed that SMC with sat(.) provides robust tracking performance with less energy.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

Mobile robots are expected to be applied not only to transportation work in factories

but also to living support in an aging society. With ever more people who are el-

derly and disabilities, there is growing demand for mobility support devices and care

equipment to improve quality of life. Although many drive mechanisms have been

proposed to date for mobile robots, from the viewpoint of practicality, differential

wheeled mobile robots such as electric wheelchairs are still widely used. With a dif-

ferential wheeled mobile robot, by controlling the speed of both each wheel indepen-

dently, the operator’s body can be translated and rotated. However, this movement

cannot be continued if one wheel fails. For this reason, it is important to increase the

number of drive wheels and add redundancy. In addition, mobile robots are powered

mainly by rechargeable batteries, but these generally take time to charge. Therefore,

saving energy is studied to increase the operating time. To this end, this thesis pro-

posed a new system consisting of a redundant drive system to continue the motion

safely should one of the motors break down for some reason, and also that is able to

operate for longer by saving energy.

This dissertation considered of three parts.

The first part considered the dynamic modeling of a redundant wheeled drive system

with nonholonomic constraints. In addition, it was assumed that, as with a personal

mobility vehicle such as an electric wheelchair, the operator of the vehicle specifies
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its desired linear and angular velocities. These velocities are typically transformed

into desired velocities of the left and right wheels, whereupon these wheel velocities

are transformed into motor velocities of the three motors by using a distribution con-

troller. In addition, by introducing a fixed ratio d of angular velocities of a wheels

to the velocity of Motor 3. The optimum value of d depends on the actuator speci-

fications and the driving situation, and must be found by simulation/experiment for

different WMR systems.

The second part of the research showed the possibility of the proposed new drive

system for energy saving and fail safety by applying two controllers. Distribution

and state-feedback controllers were applied to the wheeled drive system. The distri-

bution controller created a reference angular velocity for the motors. In addition, by

assuming that the commercial motor controllers were based on PD control, and the

state-feedback controller was applied to the proposed WMR as a feedback controller.

The feedback gains of that controller were obtained by the pole placement method.

Experiments were conducted to verify the effectiveness of the proposed method. A

distribution ratio of d = 2 provided 20.45 % and 13.05 % reductions (for linear and

circular motion, respectively) in the consumed energy compared to the case in which

only two motors operated.

The third part of the research considered robust tracking and energy-saving control

for a redundant wheeled drive system using SMC. Using to the distribution controller

presented in the second part of dissertation , a comparative study was conducted be-

tween LQR and PPC . Computer simulations were performed to verify the effective-

ness of the proposed method, and there was no significant difference between the

SMC, LQR, and PPC approaches. The effectiveness and reliability of the proposed

method in a real environment with disturbances were evaluated by performing sev-

eral repeated experiments. The results showed that SMC with sat(.) provided robust

tracking performance with less energy.
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5.2 Future Work

• The effectiveness and performance of all the control strategies discussed in

this thesis were evaluated using an experimental testbed for redundant wheeled

drive systems . In the future, this work will be extended by applying the pro-

posed method on rough terrain and public roads over large distances.

• Consideration will be given to finding an optimal value of the fixed ratio d

depending on the driving situation.

• Collaboration will be undertaken with companies to develop highly practical

equipment, including a collision-avoidance function using a distance sensor.

• The proposed new method will be applied to other systems such as the cleaning

robots which used in recycling centers.

• Detection of motor failure and control of the system with defective motors.

• The proposed system will be compared with a non-redundant system.

• The energy saving from the electrical systems due to the electrical character-

istics of motors, amplifier resistance in motor drivers and viscous friction will

be considered.
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